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Introduction to the Riemann Problem

e For u e R!
ug + f(u)x =0, (1)
B _fu, x<0
u(x,0) = up(x) = { U x>0

where u; and u, are constants.
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o ForueR!
us + f(u)x =0, (1)
B _fu, x<0
u(x.0) =) ={ 4 %5

where u; and u, are constants.

@ This is in the scalar case of the Riemann problem.
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Introduction to the Riemann Problem

e For ue RY
us + f(u)x =0, (1)

u, x<0
u(x,0) = up(x) =
(x,0) 0(x) {ur,x>0
where u; and u, are constants.
@ This is in the scalar case of the Riemann problem.

e f must be genuinely nonlinear so WLOG, let f” > 0.

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Introduction to the Riemann Problem

Weak Solutions of Conservation Laws

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Introduction to the Riemann Problem

Weak Solutions of Conservation Laws

@ A bounded measurable function u(x, t) is called a weak
solution of this IVP for any ¢ € C}(R! x [0,00))

//t>0(u¢t + F(u)b) dxdt + /t_o o dx=0  (2)
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Introduction to the Riemann Problem

Weak Solutions of Conservation Laws

@ A bounded measurable function u(x, t) is called a weak
solution of this IVP for any ¢ € C}(R! x [0,00))

//t>0(u¢t + F(u)b) dxdt + /t_o o dx=0  (2)

@ ¢ is called a test function.

@ ¢ has compact support in R x [0, c0) .
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Shock Waves
Rarefaction Waves

Solution to the Riemann Problem - Shock Wave

@ The shock wave solution is:
u x < st
u(x,t) = { b
ur, X > st,

where
L ) = f(u)

uy— uy
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@ The shock wave solution is:
u x < st
u(x,t) = { b
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where
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Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Solution to the Riemann Problem - Shock Wave

@ The shock wave solution is:

. u, x<st
oo ={ X5 )

where ¢ ¢
s — (U/)— (ul’) (4)
uy— uy
@ This is known as the jump condition (Rankine-Hugoniot
condition)
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Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Solution to the Riemann Problem - Rarefaction Wave

@ The rarefaction wave solution is:

uy, x < f’(u/)t
u(x,t) =4 (A7) Flut<t<fl)t  (5)
ur, x > f'(u,)t,
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Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Solution to the Riemann Problem - Rarefaction Wave

@ The rarefaction wave solution is:

uy, x < f’(u/)t
u(x,t) =4 (A7) Flut<t<fl)t  (5)
ur, x > f'(u,)t,

@ Since we assumed " > 0 for all u, u; < u, = f'(uy) < f'(u,).

Nitesh Mathur Under the kind supervision of Dr. Tong Li

The Riemann Problem



Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Entropy Condition

Nitesh Mathur der the kind supervision of Tong Li The Riemann Problem



Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Entropy Condition

o If f'(u)) > s > f'(u,), then we say that the entropy conditions
are satisfied.
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Shock Waves
Rarefaction Waves

Entropy Condition

o If f'(u)) > s > f'(u,), then we say that the entropy conditions
are satisfied.

e If not, f'(u)) # s # f'(u,), we have a rarefaction wave.
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Introduction to the Riemann Problem

Shock Waves
Rarefaction Waves

Entropy Condition

o If f'(u)) > s > f'(u,), then we say that the entropy conditions
are satisfied.

e If not, f'(u)) # s # f'(u,), we have a rarefaction wave.

@ Entropy condition guarantees uniqueness of weak solution.
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@ We want to solve the Riemann Problem with n equations.
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@ We want to solve the Riemann Problem with n equations.
o Consider u € R".
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Motivation and Goal

@ We want to solve the Riemann Problem with n equations.
o Consider u € R".

o u=(uy,u, ..., uy), f(u) = (f(u), L(u), ..., fr(u))
@ The system
us+f(u), =0

with initial data

u(x0) =u() = { o %50 (6)

is the Riemann problem with u;, u, constant vectors.
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System: Shock Waves

@ By (4), if u has a discontinuity across x = st, the jump
conditions need to be satisfied:

s[u] = [f(u)];
where [u] = u; —u, and f(u) = f(u,) — f(u,)
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System: Shock Waves

@ By (4), if u has a discontinuity across x = st, the jump
conditions need to be satisfied:

s[u] = [f(u)],
where [u] = u; —u, and f(u) = f(u,) — f(u,)
e For systems, the entropy inequalities are as follows:

)\k(ur) <s < )\k+1(ur)

)\k—l(ul) <s < )\k(U/)

for1 < k<n.
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System: Shock Waves

@ By (4), if u has a discontinuity across x = st, the jump
conditions need to be satisfied:

s[u] = [f(u)];
where [u] = u; —u, and f(u) = f(u,) — f(u,)

e For systems, the entropy inequalities are as follows:

)\k(ur) <s < )\k+1(ur)

)\k—l(ul) <s < )\k(U/)

for1 < k<n.
@ Such a discontinuity is called a k-shock wave.
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@ p—system is an example of conservation law.
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Example
Introduction to 2-System Graphics
Description of Solutions

@ p—system is an example of conservation law.

@ In general, these class of equations have the following form:

Vi — Uy =0 (7)
ur+p(v)x=0, t>0,x€eR

where p’ < 0,p"” > 0.
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Example
Introduction to 2-System Graphics
Description of Solutions

@ p—system is an example of conservation law.

@ In general, these class of equations have the following form:

Vi — Uy =0 (7)
ur+p(v)x=0, t>0,x€eR

where p’ < 0,p"” > 0.
@ Rewrite the p-system as follows:

us+f(u), =0

where u = (v, u) and f(u) = (—u, p(v))
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@ Compute Jacobian:
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Example
Introduction to 2-System Graphics
Description of Solutions

Example

@ Compute Jacobian:

det : N2 4+ p/(v) =0 = A\ = —/—p/(v), o = /—p/(Vv)

@ p’ < 0= we have real and distinct eigenvalues = strict
hyperbolic system.
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Example (Continued)

@ Now, we can write the Riemann problem for the following
initial conditions:

(8)

u = V’U 5 X<0
u(x,O):uo(X):{ u::((vlr ulr)) x>0
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Example
Introduction to 2-System Graphics
Description of Solutions

Example (Continued)

@ Now, we can write the Riemann problem for the following
initial conditions:

(8)

u = V’U 5 X<0
u(x,O):uo(X):{ u::((vlr ulr)) x>0

@ Entropy condition is satisfied.
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Example
Introduction to 2-System Graphics
Description of Solutions

Example (Continued)

@ Now, we can write the Riemann problem for the following
initial conditions:

ux0) =u() = { w0 XS0 )

r=(vr,u), x>0
@ Entropy condition is satisfied.

@ Given left state, what kind of right state can be connected to
it?
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Shock Waves

@ We have two distinct types of shockwaves - 1—shocks and
2—shocks.
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Example
Introduction to 2-System Graphics
Description of Solutions

Shock Waves

@ We have two distinct types of shockwaves - 1—shocks and
2—shocks.
@ 1—shocks (back-shocks) satisfy

s < Ai(u), A1(ur) < s < A2(uy)
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Description of Solutions

Shock Waves

@ We have two distinct types of shockwaves - 1—shocks and
2—shocks.
@ 1—shocks (back-shocks) satisfy

s < Ai(u), A1(ur) < s < A2(uy)
@ 2— shocks (front-shocks) satisfy
)\1(U/) <s < )\2(U/)7 )\Q(Ur) <s
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Example
Introduction to 2-System Graphics
Description of Solutions

Shock Waves

@ We have two distinct types of shockwaves - 1—shocks and
2—shocks.
@ 1—shocks (back-shocks) satisfy

s < Ai(u), A1(ur) < s < A2(uy)
@ 2— shocks (front-shocks) satisfy
)\1(U/) <s < )\2(U/)7 )\Q(Ur) <s

@ Hence, we have

and

V=P (v) <s<—v—=p'(v)
—p'(v)

V=p(v) <s<+/—p'(v)
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Shock Waves (Continued)

e We apply the jump condition to (8).
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Description of Solutions

Shock Waves (Continued)

e We apply the jump condition to (8).
°

=s(v—v)=—(u—u)and s(u—u) = p(v) — p(v)
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Example
Introduction to 2-System Graphics
Description of Solutions

Shock Waves (Continued)

e We apply the jump condition to (8).
°

=s(v—v)=—(u—u)and s(u—u) = p(v) — p(v)

—(u—uy)

_ and s = PO = p(v)
5= (v—wv) d u—u
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Shock Waves (Continued)

e We apply the jump condition to (8).

=s(v—v)=—(u—u)and s(u—u) = p(v) — p(v)
) _ ) o P(v) = p(v)
5= (v—wv) ds= u— u

(u—u) _ p(v) — p(vi)

(v—w) u—u

u =y = £/(p(v)) = P(V))(v — )
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Description of Solutions

Continued

@ In order to form 1-shock, we need —y/—p/(v) < —\/p'(v)),

which means p’(v;) > p’(v) and since p”’ > 0,v; > v
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Example
Introduction to 2-System Graphics
Description of Solutions

Continued

@ In order to form 1-shock, we need —y/—p/(v) < —\/p'(v)),

which means p’(v;) > p’(v) and since p”’ > 0,v; > v
o S1:u—u=—/(v—v)(p(v)—p(v))=si(viu), vy >v
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Example
Introduction to 2-System Graphics
Description of Solutions

Continued

@ In order to form 1-shock, we need —y/—p/(v) < —\/p'(v)),

which means p’(v;) > p’(v) and since p”’ > 0,v; > v
o S1:u—u=—/(v—v)(p(v)—p(v))=si(viu), vy >v

@ Similarly,
Siu—u=—/(v—v)(p(v) — p(v) = s2(v;w), v <v

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Example
Introduction to 2-System Graphics
Description of Solutions

Theory - Rarefaction Waves

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Example
Introduction to 2-System Graphics
Description of Solutions

Theory - Rarefaction Waves

@ A rarefaction wave is a continuous solution of the above
system in the form u = U(x/t).
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Description of Solutions

Theory - Rarefaction Waves

@ A rarefaction wave is a continuous solution of the above
system in the form u = U(x/t).

@ We have 2 families of rarefaction waves, corresponding to
either A1 or \,.
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Example
Introduction to 2-System Graphics
Description of Solutions

Theory - Rarefaction Waves

@ A rarefaction wave is a continuous solution of the above
system in the form u = U(x/t).

@ We have 2 families of rarefaction waves, corresponding to
either A1 or \,.

@ The kth family is genuinely nonlinear, VA - r¢ # 0, where ry
is the right eigenvalue.

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction - Continued

Nitesh Mathur der the kind supervision of Tong Li The Riemann Problem



Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction - Continued

o Let { =x/t
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Rarefaction - Continued

o Let { =x/t
°

—&ug + f(u)g =0

or

(df — £)ue = 0
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Rarefaction - Continued

o Let { =x/t
°

—&ug + f(u)g =0

or

(df — £)ue = 0

@ Hence,u¢ is an eigenvector and A1, A are distinct eigenvalues.
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Description of Solutions

Rarefaction - Continued

o Let { =x/t
°

—&ug + f(u)g =0

or

(df — £)ue = 0

@ Hence,u¢ is an eigenvector and A1, A are distinct eigenvalues.

@ We have 2 families of rarefaction waves.
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Rarefaction

—)\1 -1 Vg 0
p’(v) *)\1 ug 0
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Rarefaction

(e ) (2) =)

o Eigenvector ug = (vg, ug)® satisfies this.
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Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction

(e ) (2) =)

o Eigenvector ug = (vg, ug)® satisfies this.
° )\1V§+U§ =0,= Ve, Ug #0
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Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction

(ri 2) () =)

Eigenvector ug = (vg, ug)? satisfies this.
)\1V§+ ug = 0,=> Ve, Ug #0

Since Ve 7& O, u§/v5 = -\
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Rarefaction - Continued

d
@ Hence, we have d—u =-Ai(v,u) =+/—p'(v)
v
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Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction - Continued

d
@ Hence, we have d—u =-Ai(v,u) =+/—p'(v)
v

@ Integrate both sides:

Ri:u—u=[//=p(y)dy=n(viu),v<v
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Example
Introduction to 2-System Graphics
Description of Solutions

Rarefaction - Continued

d
@ Hence, we have d—u =-Ai(v,u) =+/—p'(v)
v

@ Integrate both sides:

Ri:u—u = fVI\/—p ) dy = n(viu),vi<v

@ Similarly 2— rarefaction wave curve is given by

Ro:u—u=— v‘: V=P (y) dy = r(viu),vi > v
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Conclude/ Describe Solution/ What It means

o Si:u—u=—/(v—v)p(v)—p(v),v>v
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Description of Solutions

Conclude/ Describe Solution/ What It means

o Si:u—u=—/(v—v)p(v)—p(v),v>v
o Sr:u—u=—/(v—v)(p(v)—p(v),vi<v
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Example
Introduction to 2-System Graphics
Description of Solutions

Conclude/ Describe Solution/ What It means

o Si:u—u=—/(v—v)p(v)—p(v),v>v
o Sr:u—u=—/(v—v)(p(v)—p(v),vi<v

e R iu—u= fv‘:\/—p’(y) dy,vi <v
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Example
Introduction to 2-System Graphics
Description of Solutions

Conclude/ Describe Solution/ What It means

Siiu—u=—/(v—v)p(v)) — p(v),vi>v
Soiu—u=—/(v—wv)(p(v) —p(v),vi< v
° Ritu—u= [, /—P(y)dy,vi<v
) dyo > v

o R :u—uy
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Application: Isentropic gas dynamics model

Vi — Uy =0

k
ut—i-(W)X:O, t>0,x€eR
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Example
Introduction to 2-System Graphics
Description of Solutions

Application: Isentropic gas dynamics model

Vi — Uy =0
k
Ut+(W)X:0, t>0,xeR

@ Note: k > 0,7 > 1 are constants.
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Application: Isentropic gas dynamics model

Vi — Uy =0
k
Ut+(W)X:0, t>0,xeR

@ Note: k > 0,7 > 1 are constants.

@ Represents the conservation of mass and momentum
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Example
Introduction to 2-System Graphics
Description of Solutions

Application: Isentropic gas dynamics model

Vi — Uy =0
k
Ut+(W)X:0, t>0,xeR

@ Note: k > 0,7 > 1 are constants.
@ Represents the conservation of mass and momentum

@ v denotes the specific volume, i.e. v = p~!, where p is the
density, u denotes the velocity, and ~ is the adiabatic gas
constant.

Nitesh Mathur Under the kind supervision of Dr. Tong Li The Riemann Problem



Example
Introduction to 2-System Graphics
Description of Solutions

Application: Isentropic gas dynamics model

Vi — Uy =0

k
ut—i-(W)X:O, t>0,x€eR

Note: k > 0,y > 1 are constants.

Represents the conservation of mass and momentum

v denotes the specific volume, i.e. v = p~!, where p is the
density, u denotes the velocity, and ~ is the adiabatic gas
constant.

Note, in the p-system, if we choose p(v) = kv~7, we retrieve
this isentropic gas dynamics equations.
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@ Solution to the general problem
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Solution to the general problem

Definition

A centered simple wave, centered at (xp, tp) is a simple wave
(x — xo)

depending on —=~
P £ (t—1n)

Definition

| A

The kth characteristic family is said to be genuinely nonlinear in a
region D C R" provided that VA - ry # 0 in D. If this is the case,
normalize ry by Vg - e = 1.

A\
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Solution to the general problem

Solution of Riemann Problem for general hyperbolic

systems

Theorem (Lax (1957))

Letu; € N C R".
Consider the system of n equations

u; +f(u), =0,xe R, t>0,

where u = (uy, ..., up), f(u) = (fi(u), &2(u), ...fo(u)), the system is
hyperbolic., and each characteristic field is either genuinely
nonlinear or linear degenerate in N.

Then, there is a neighborhood N c N of u; such that ifu, € IV
the Riemann problem has precisely one solution, consisting of at
most (n+ 1) constant states.
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Application To Gas Dynamics
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Solution to the general problem

Application To Gas Dynamics

vi —uxy =20
ur+px =0
(e +1/2u?): + (pu)x =0
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Solution to the general problem

Application To Gas Dynamics

vi —uxy =20
ur+px =0
(e +1/2u?): + (pu)x =0

0 -1 0
pp 0 ps
0 0 O
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Solution to the general problem

Application To Gas Dynamics

Ve — Uy =0
ur+px =0
(e +1/2u)¢ + (pu)x = 0

0 -1 0
pv 0 ps
0 0 0

@ The eigenvalues are \{ = —/—p,, A2 =0, A3 = /—p,
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Solution to the general problem

Application To Gas Dynamics

Ve — Uy =0
ur+px =0
(e +1/2u)¢ + (pu)x = 0

0 -1 0
pv 0 ps
0 0 0

@ The eigenvalues are Ay = —/—py, A2 =0, A3 = /—p,

o We have two genuinely nonlinear characteristic families, and
one linearly degenerate. So, we only have 2 families of shock
waves and rarefaction waves.
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The End

@ Thank You!

@ Questions?
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