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1 Introduction

Monday, 25 August 2021

1.1 Banach & C* algebras

Suppose A is a Banach Algebra over C with algebraic structure (A,+,-,A) (assume unital i.e.
1 € A). Furthermore, it is an algebra with a topology on it (induced by norms).

*Note: All finite dimensional norms induces the same topology. Estimates might be different, but
open sets are the same.

Definition 1.1 (Norm). Norm is a mapping || || : A — R4 such that
() llc- all = el |z]| Vo € A,c € C
(ii) ||z + y|| < ||=|| + ||lyl] (sub-additive; Triangle Inequality)
(ili) ||z|| =0 <= z = 04.
(iv) [lzy]| < |]z]| - ||y]| (sub-multiplicative)
(v) (4,]] - || is complete i.e. V|| - ||-Cauchy sequences converge.
(vi) ||z*x|| = ||z||?, where * is the involution.

Properties (i)-(iii) form a normed space.

Property (iii) is known as the ‘faithfulness’ property. If we do not have faithfulness, then we
have a semi-norm.

e With the addition of property (iv), we have a Norm Algebra

With (i)-(v), we have a Banach Algebra.

A Banach Algebra with an involution map is known as an Involutive Banach Algebra.

e Finally, all the six properties combine to define the C*-Algebra.

Definition 1.2 (Involution). % : A — A is an involution if
(i) (az + by)* = ax* + by* (Conjugate linear in C or linear in R).
(ii) (z*)* ==
(ifi) (zy)* = y*a~
Ezample 1 (Matrices). Consider M, (C),k € N.
It is equipped with the norm ||Al[oc = supj,<1 ||Av|[2, where || - |[2 denotes the Euclidean norm.
Also notice that we have A* = AT (conjugate transpose).
M,,(C) satisfies all the conditions of a C*-algebra.

Ezample 2 (Set of Continuous Functions). Similarly consider C([0,1] = {f : [0,1] — C continuous}.

One can add continuous functions, do pointwise multiplications, and add by scalar, i.e. we have
(C10,1],4, -, A). Furthermore continuous functions of compact sets are bounded, so supremums are
well-defined. Hence, it is equipped with the following norm:

1flloe = supyeo f(@)] < oo.

Finally, f*(z) = f(z) (complex conjugate).

All the conditions above are satisfied. For example, the sub-multiplicative condition can be shown
as follows:

[(Fg) (@) = [f(2)g()]
= [f(@)] - lg(2)|
< [1flloo - llgll

Taking sups of both sides, we get the desired conclusion.

Ezample 3 (£>° functions). Similarly, > is also a C*-algebra.
Define £>°([0,1]) = {f : [0, 1] — R essentially bounded}.

*Note: Commutativity is NOT assumed.



1.2 Spectral Theory

Definition 1.3 (G(A)). G(A) = Set of all invertible elments of A = {x € A: 3 two side inversesz~!}
Definition 1.4 (Spectrum). Fix z € A,04(x) ={A € C, =z — AorAl —z € G(A)}.

Ezample 4 (Matrices). Let A = M,,(C),z € A. Then,

M, — X €G(A)
<= det(M, —X)=0

<= M\ is an eigenvalue

Hence, A is a spectrum if it is the root of the the characteristic polynomial i.e.
Spectrum o4(X) = {eigenvalues}.

(Later, we will find in our first big theorem that Spectrum is countable).
Lemma 5. Let A be a Banach algebra. x,y € A. Then,

oa(zy) U{0} = aa(yz) U {0}.

Proof. 1 — a2y € G(A) < 1—yx € G(A). We will prove the (<) implication.
First note that

(1-zy) ' =1+2z(1—-yx)"'y. (1)
Then, we can check that
=1 —ay) -0 +x(1—yx)ty] from (1)
=1 —ay) + (1 —ay)(e(l - yz)"y)
= (1 —ay) + (1l —yx) "ty —ayz(l —yx) "ty
-y +(1—yz) 'y —2(l - (1-y2))(1-yz)"'y
=1

—ay+a(l—ye)ly—a(l —ya)ly - (1-ya)' (1 -y2) "y
1
=1—-ay+uzy
=1
O
1.2.1 Derivation of the Inverse
Recall the power series
1 oo
(1—2)_1:1_z:nz:%z":1+2+22+...:(1—z)_1 (2)

We can apply this as follows:

(1—ay)t = — > (ay)

_l—xy —
=1+ 2y + zyxy + zyzyzry + ...
=14 z(l+yz+ (yx)* +.)y
1
=14z Y
1—yx

=1+a(l—y2) 'y
(Very Cool).



Lemma 6. Let A be a Banach Algebra. 1 € A,z € A,||z|| < 1. Then, 1 —x € G(A4).
Proof. Let y, =1+ x + 2% + ..2".

(1—2)" Zm

=l+4+a+22+..
We need to take the limit of both sides. Before we can do that, consider WLOG for n > m,

oo m
Yy — yml| = Hzxk _le
k=0 =0
m
=11
k=n

n

> e
k=m+1
n

< Y 2l =o0.

k=m+1

IN

The last line follows since this is a tail of a power series. Hence, we have

1—2)yp =1 —2)1+z+2+..)

— 1-1:’”’71

o0
(1 —x)( Zx”
k=0
l—x Zx

Taking limits of both sides, we get

Corollary 6.1. ||1 —z|| < 1=z € G(A).

27 August 2021

1€ A,z € Asuch that ||z|]| <1=1—z € G(A) and also (1 —z)~t = > 2 z™.
Corollary 6.2. If ||[1 —y|| <1 =y € G(A).

This is true since B(1,1) C G(A) and y~' =37 (1 —y)™.
Theorem 7. 1 € A. Then the following properties hold:

a) G(A) ={z € A, Jr~1} is open.

b) The map x ~ z~1 is continuous, where z,z71 € G(A).

Here is the proof of a).

Proof. Fix b € G(A). Then, we claim that

1
Va € A such that |la — b|| < o >a € G(A).

Note that B(b, € G(A), where |[b=1|| > 0. Then,

It
11— ab™1]] = [jbb~1 — ab~1]|
=1(b—a)p|
< ||b—al| - ||b~ || since Normed Algebra

1
|w1”HbW
=1

= |[1—ab7t||=1=ab~! € G(A) = b € G(A) (by Corollary 6.2) = a = (ab)~1b € G(A).



Now we prove (b). To do this, we first need an estimate:

Proof.
(@™ =11 (1 —ab™")"|
n=0

[[(1—ab™H)"|| (by triangle inequality)

n=0
< Z [[(1—ab)™")"|| (Normed Algebra)
n=0

oo
< Z [[1 —ab™!||™ (sub-multiplicative)
n=0

)

= >t —ab
n=0

=> N —ap "
n=0

<y Ao —all*- [
n=0

> llb—alllp= "

n=0

1
L—{lb—all - [[b=1]|

1

The last line follows since ||a — b|| < o

Then, we have the following:

la=t =7 =la™ -1 =107}
=|la oo™t —a"tab ™|
= lla™' (b —a)p™ |
= b~ ab™ )Mo — )b Y|
< |67 Y|[|lab~ ]]|b — a] |||~ (Normed Algebra)
= [[(ab™")H[Ilb — alll[b~*]?
1

[ —— g 'b_12 by Esti "
T 1—|b—alb~t [[b—all-[[b~"|| (by Estimate)

s
1 —#[[b—]]
<= |la=! = b7 || = 0 = Continuous

Note that t — — 0 when ¢ = 0 i.e. when [|b—al| =0

Definition 1.5. x € A, (spectrum) o4(xz) C C,\ € C,x — A1 € G(A).

Theorem 8. 1 € A,z € A= 04 (z) is nonempty compact subset of C.

Theorem 9. o4 is closed.

(a) oa(z) C D(O, [|]]).



Proof. Pick A > ||z||. Then,
1 1
Hxxﬂ = XH$|| <1

1
=1- X||x|| € G(A) (by Lemma)
= A -z e G(4)
= A ¢ O’A(.’E)

0 4 is bounded

Since we have closed and bounded, it is compact. O

(Fact; Every Banach Algebra has a dual functional).
¢ € A* = {pA — C}.
AeC ¢((A\l —2)~1) € C. Define ¥ = (A1 —z)~!

Proof. Assume by way of contradiction that o4(z) = 0. Then, the resolvent set p4(x) = C.
YA € C,A\1 —z € G(A). Then, we have the following:

W(A) = ¥(Ao)

P((A—2)7t = (Aol —2)7")

H((AL—2) LA —2— = —(Agl —2)( Mol —2)71))
= (A= X)p(A1 —z) " (Aol —2)71))

lim TV ZYR0) _ ) o191 — )

A—=Xo A= )\0
= p(Xol —z)7?)

30 August 2021 We continue with the proof.
Recall 1 € A,Vz € A;o4(x) ={A € C: (Al —x) & G(A)}. Then, c4(x) # 0 and compact.

(Continued) pa(z) = C — oa(z). Fix ¢ € A*, where the dual A* = {¢$A — C is linear, continuous }. Note

that
Let A € pa(z) cC— C.
Note that |[|@|[| = supjy <1 [¢(z)|. (A, [[| - [l]) is a Banach space.

Proof. (Continued)
Take (Al — ) € pa(x). Then,
d(M —z)"tie A= (AN — )1

Observe

M-—z) =M —2)t =Nl —2) "Nl —2) ' (M —2)!
= oMol —2) P = (AL —2)71) = d(A — Xo) (Mol —2) * (M —2)7)

= (A= 20)8((Aol —2) ' (A1 —2)7 )

= ¢((Aol —2)71) - d(A1 —2) 7" = p(A = X = Xg) (Aol — 2) T (A1 — )
= (A= Ao)o(zol = N) (M — )7}



Then, we have

YA —¥(\) _ ¢l —2) ' — (A1 —2)")

)\7)\0 )\*)\O
= (Mol —2) ' (A—2)7)
= Jin w = lim 60l — ) —2)7))
= ¢l —a)7')?

=T € H(pa(z)),

where H is the family of holomorphic functions.

Now we show that pa(z) # 0.

Proof. Assume by contradiction, o4(z) =0 = pa(z) = C.

¥ is entire. Next, we note that

(Al—a)t = a1 - )7
=3
n=0
:nzl An
G- 2) ™) =0 T =S 65 )
n=1 i=1
=3 o)

Then, we have

=1
lellsbl\l [EXl

Side Note

()] < lol]] Vo<1
Ty ||)II < lloll

1
m'\cb(y)l < llell
o)l < ll¢lll - 1yl

oo

1
< il el

|&(



Then, by geometric series

(A gﬂz

_llielll 1
RYR

!l 1
= hm |¢(/\1)|<iHO B '1_M
~—— A

———

—0 1

By Liouville Theorem, ¥ is constant = ¥ = 0.

Then, (A1 — z)~! = 0 for every ¢. This contradicts Hahn-Banach theorem (since we will have
¢ = () for a nonempty input).

oa(z) # 0. O
Corollary 9.1. 1 € A such that G(4) = A — {0}.
Proof. Pick x € A= ca(x) #0.
Then, IA €ca(zx) = AN -2 €GA)=> AN -z =0 < x =\l O
Theorem 10. f(X\) = Zﬁ:o anx™.
v €A, f(w) = gana",
Theorem 11. z € A, f(oa(z)) = ca(f(x)).

Proof. A€ oa(z) =
k
= Z anpx” — Z an A"
n:O
= Z an (2™ = \")
n=0
k n—1
= Z a)n(x — )\1)(2 1)
j=0

n=0

oo n—1
= f@) = FOL = (2= A) Y an(3 oo 1)

n=0  j=0

A E(f?A)()x) = (z = Al) € G(A) = [f(z) = fN1 € G(A) = f(N) € oaf(2)) = floalx)) C
gA xX)).

Pick p & f(oa(z)). The,

f(z) = pl = an(x — A1) (x — Ag... (can factor a polynomial)

A € o4(x). Then,

fOA) = p#0 <= A, Ag,.... #0 <= All functions invertible < f(z) — u(1). O

1.3 Three Pillars of Functional Analysis
1.3.1 Hahn-Banach

x#0and ¢ € A* and Re (¢(x)) /0. (Can separate points).



1.3.2 Banach-Steinhaus or Uniform boundedness principle

1.3.3 Open Mapping Theorem

10
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Theorem 12. 1 € A Banach Algebra, x € A, then

r(@) = lim [lz"[]'/";  r(z) = sup (v)
n—oo AEoa

Proof. Observe that r(z™) = (r(x))™.
Definition 1.6.
r(") = sup Al
Ao 4 (z™)

= sup
A€(oa(z)™

sup [Ag]
A€o a(x)

sup  [Ao|"
Xo€oa(x)

=( sup Ag|)"
)\oeo'A(m)

=r(z)"

= (r(z)" =r(z") < [z
=r(z) < ||z”\|1/” = r(z) < liminf, ||x”||1/”

(We also need to show that r(z) > limsup,, _, . ||z"||*/".

Let ¥ = {z € C||z] > r(x)} = C - B(0,r(x))
Fix ¢ € A*.

C—=CAm oA —x)7") € H(pa(x))
Al > |||l

I
[z

<
>5/R\

n—1 n—1
‘i’(in 20 1imn%o|¢(x7)| = 0.

= lim;, o |
n—1
>\n

lim,, 00 @(yn) = 0 for all ¢ € A*.

Let g = - € A. Then,

A" {¢ : A — C| continuous, linear}

AcC A,

11



r €A~ xe A
z(¢) == ¢(z)

2l = sup|(0)]
(IETIES!

= sup ||phi(z)|
(IEES!

< sup ||[lg(@)[[] - [l
(e

= [[]]

2 Banach-Steinhaus Theorem

Theorem 13. T, : X — Y linear, bounded.
Vo € X,3C, > 0 such that ||T,,(z)|ly < Cy ¥Yn = Jeq such that ||T,]| < ¢Vn.

Proof. Fix n,k € N.
A = A, = {r € X|T,(z) C K Vn}
Vee X, 3k >0,z € Ag.

X = UAy second Baire Category Theorem (A complete metric space cannot be expressed as a
countable union of nowhere dense subsets).

3k such that A9 # 0.

Ir > 0,29 € X such that B(xg,r) C Ag.

1T, (x)|| < k Yz € B(zo, 7).

x € B(xo,r) = =20+ 1y, ||y|| <1. Then,

T (o +ry)ll <k Vlyl| <1
NTn(ry)ll = I Tn(zo)ll < k
Pl Tn ()] < k4[| T (o)

k + T (zo)||
Tl € ——7——
7]
k+ T, (o
= sup [[T,()] < 2T
lyll<1 7]
Note that ||T;,(zo)|| < k. Then,
lim,,—, y,(¢) = 0 where y,, : A* — C.
Banach-Steinhaus: 3¢ > 0, ||y, || = ||||yn]l|| < ¢¥n € N.

12



e |51l v
xn—l
[|2"]

ellel >

AA|z]] = [J"]] Vn
Ml |V 2 [V n

limsup ¢/ [[[|[|'/" > limsup " ||'/"
n—00 n—00

Al > Timsup| 2]/ V[N > r(2)
n— oo

r(z) > limsup ||z"||*/"

n—oo

13
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3 Normal, Self-Adjoint, Isometry

Recall 1 € A Banach Algebra. and r(x) = lim, ¢ ||z"|'/".

Definition 3.1. 1 € A. (with an involution).
z € A is called normal iff z2* = x*z.

x € A is called self-adjoint iff x = z*.

Exercise © € A, z*z, xx* € A, then we have
(z*x)* =x* - (z*)* = 2™z,
Proposition 1. 1 € A (involutive Banach algebra, z € A is normal.

If in addition, A is a C*-algebra, then r(z*x) = r(z).

Proof.
lim [|(z*z)"|Y" = lim ||z*"2"||Y/"
n—o0 n—oo
< 1l *\TL|| n|l/n
< i [|(2*)"]] - [l
— nyk|| | n||l/n
tim (") - [la"|
— = lim [|2"|]*/"
n—oo
— n||l/n\2
Tim (|[a7]/")
=r(z)?
= r(z¥r = lim, oo |||/ O

Proposition 2. A a C*-algebra. If x € A is normal, r(z) = ||z||.

Proof. Suppose & € A" = <= x = x* (self-adjoint).

Then, we have ||z*z|| = ||z||? (since it is C*).

= [l22 = |J2]12

By induction, we have ||22" = ||z[|>" = ||2%"||'/?" = ||z|| Vn.

Taking the limit, we get, lim,, o ||22"||/?" = r(z) = ||z|| when z is self-adjoint 2 = 2*.

Finally, we have the following proof:

r(z)? = r(z*z)
= [|z"2]|
= |lz|l*
<= r(z) = ||z|| when x is normal. O

Proposition 3. Suppose A, B any two unital C*-algebras. Let ¥ : A — B be any x-homomorphism

(preserves composition, one-to-one, and (¥ (z*)) = (¥(z))*.

Contraction Then, Vz € A, ||¥(x)||p < ||z||a-

Moreover, if ¥ is a x-isomorphism, then ||¥(x)|| = ||z|| for all z is an isometry.

14



Proof. Note that U(G(A)) C G(B).
Fix x € A. Let A € ca(z). Then, A € pa(x).

Al — 2 € G(A)
= T(\ - 2) € G(B)
= AU(1) — U(z) = Mg — U(z) € G(B)
= A ¢ op(¥(z))

Then, we take the complement. So,

op(¥(x)) Coa(x)

sup [N < sup Al =7(2).
Aeop(¥(x) A€o a(x))

Trick
19 (2)[[* = ([ ()" ()|
= [[W(z")¥ ()|
= ||¥(z*z)|| (since self-adjoint)
= [|r(¥(z"z))|l
<r(z*z)

= ()| < ||z]] Vo
= [0 (@)]] < ||]]
Corollary 13.1. 3 at most 1C*-norm on a given involutive Banach algebra.

Proof. Suppose (A, || |l1 =% (A, | - ||

Id-map is a *-homomorphism. By Proposition 3, ||z||z = ||Id||2 = ||z]]1-

8 September 2021
Proposition 4. Suppose 1 € A is a C*-algebra, x € A™. Then spectrum o4 (z) C R.

Proof. Fix A € o4(z) = a+if.
Fix t € R and consider y; =  — a + it € A;y(t) is normal. Then,

ypxyy = (x —a+it)" (. — a4 it)
((x —a—it)(z — a+it)
Yy = (@ —a+it)(z — a—it)

Then,
li(t+ B)|* < r*(z) € oa(yr)
t+ 817 < r?(x) = llgel* = [y vl
= ||(z — o — it)(x — o + it)]|
= (z—a) + ¢
<[(z — )?|| +¢*
=SP4 26t + 2 <|lr—a|?+t* VteR
26t + 5% <|lz—al® V¥

15



This is true only when 5 = 0. O

Lemma 14. 1 € A,C*-algebra, x € G(A), H{zn}n C G(A), 2, — 2. Then, lim,_, ||z, || = c0.

Proof. Assume by contradiction, 3¢ > 0 such that ||z || < ¢, Vn.

11— a2y el = ||lzg tan — 27 2]
< o Hllan — ||

< cllzn — ]

Jng > 0 such that [[1 -z, z|| < ¢f|zn, — 2] <1
= a,le e G(A) =z € G(A). O

4 Examples of C*-algebra

Ezample 15. C(]0,1]) = {f : [0,1] — C| continuous } with norm ||f||e = sup|f(z)|.

Ezample 16. B(H) = {T : H — H| linear, bounded}, where H is a Hilbert space. Then,
(B(H),+, A, 0) is an algebra.

IT|oo = Supj|¢||<1 SUp [T

T o UI < |[T]]- IUON < T - [1U]] - 1l¢€]]
= [[To Ul <||T- U]l
VI':H—-H~T":H—>T
<T&nm>=<nT*n> VEne H.

Theorem 17 (Riesz Representation Theorem). f: H — C linear, continuous 3!z € H such that
flz) =<z, z>.

16



10 September 2021
(B(H),+, A, -, %, || - ||oc) Banach algebra.
Theorem 18. Operator T' € B(H) — T* € B(H).

Theorem 19 (Riesz Representation Theorem). V functional ¢ € H* (dual) Jv € H such that
¢(z) =< z,u> Vz e H.

Proof. Assume ¢ # 0.

Dual H* = {¢ : H — C| continuous , linear }
ker(phi) = ¢~ ({0}).
Closed Subspace Let K = ker(¢) = ker(¢). Then,
K+ ={we H| <w,k >=0Vkink > .
H=K@K=. O
Theorem 20. H is a Hilber t space and K C H, closed, and convex
Definition 4.1 (Convex). Vki, ko € K, tK + (1 —t)ko €e K VO <t < 1.
Corollary 20.1. VK < K < H H=K@K*

Proof. Let x € H. By Theorejm, choose Pj(x) (not necessarily linear) such that
o= Pya) + (& — Pu(a))
—_——
€Kt
(Note that uniqueness follows: y1 + y2 = © = x1 + 2.
Let us look at ||z — Py(z) < inf||z — n|Vn € K.
Write ||z — Py(x)| < ||z — Pi(x) + m|| Ym € K. Then,

lle = Pill* < llz = Py +m||?
— ||z = P(2)|? < ||z — Pu|* +2 Re < & — Pi(x),m > +||m|]* Vm € K
< —2Re<z— Py(x),tm > < |tm||*> Ym € K,t € C
=tRe <z — Py(z),m> <|t|*|m|?
=<z — P(t)(z),m>=0VYm

Also ntoe that T* : H — H is linear.

| <z,T'y >|<|| <Tzy > || bounded operator
<7z - [lyl|
< T lss |2 lyll Y2,y
=|<2TY > < |[T]lo - [yl
ST oo < 1T oo

Show T = (T*)*.

<T*z,y>=<z(T")y >
<y, T'z>=<Tyz>
=<zTy >

= (T*)*y =Ty = (T*)* = T. It is an involution.

17



C*-axiom [|T||* = ||T*T| < [|T*[| - |T'| = [|T|*.

IT])? = sup [|T2|]*
leli<1

= sup <TzTz>
l12]|<1

< sup <TzTn>
1z[]slml|<1

= sup <T'Tz7>|
lzl,]In]1<1

= sup ||T7Tz||
llz]]<1
= [T

-, B(H) is a C*-algebra.
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Exercises

13 September 2021

Show that (B(H),|| - ||ec) is & complete space.

. Suppose (4, || -]|) is a Banach Algebra.

I =1 C A closed ideal. Then show that (A/I,|| - ||; is a Banach Algebra, where

llov 4+ I||r = inf [lo 4 z[[a < [[ex]].
xel

Observation 1

5 Gelfand Transform

Today we will discuss the spectrum of an algebra instead of just a n element.
Suppose 1 € A is a unital Banach Algebra. Consider
o(A) ={¢: A — C| algebra homomorphism }. Then, the following conditions are satisfied

p(1) =1
p(z+y) = o +y)
d(Az) = Ap()

)

Vo € A, ¢(z) € o(x) Vo € sigma(A).
Note that ¢(z) - 1 — = € ker(¢).

= @(p(x)1 - x) = p(x)¢(x) — P(x) =0
o(z) -1 —x € ker(¢).

Recall that ker(¢) is an ideal (two-sided) of A.

o(x) =0= ¢(ax) = p(a)p(z) =0Vzr € A

ker(p) NG(A) =0 <= ¢(x)l —z & G(A) = ¢(z) € o(z).

Then, ||¢p(x)|| < r(x) <||z|| Ve € A= ||¢|| < 1= ||¢|| = 1. (since it is unital).
= o(A) < {¢ € A"[||o]| =}.

Obs 1

Theorem 21 (Spectral Algebra Theorem). There is a correspondence (bijection) between
¢ € p(A) — ker(¢p) € M(A) (co-dimension 1 <= maximal ideal)

Proof. Fix ¢ € o(A). Take I = ker(¢).
FixI € J<A=3zeJ-1I

Consider ¢(z) # 0 and 1 — L -z € ker(¢) = 1.

o(x)
11— L ap 1
o) ()
A

=leJ=J=A

19



Obs 2 If I € M(A) (maximal ideal) = I = I.
Maximal ideal are closed. We need to show I c I C A.
We want to exclude I = A.

Proof. Suppose not.
Suppose I = A (unital) = Jy € I such that |[|[1—y|| < 1=y € G(A) = I = A, contradiction. [

Also note that for a fixed I € M(A) — A/I (field since I is maximal).
We know that A/I = C.

a—"L A
TOop lﬂ—
C

5.1 Weak-* Topology

Let A* = {¢: A — C, linear, continuous} be any normed space.

This topology is defined as ¢; = ¢ iff ¢;(x) — ¢(z) pointwise Va € A. [Note that the unit ball
is weak-* compact]

Theorem 22 (Banach-Alaoglu). (A*); is compact in weak*-topology.

Proof. (Proof Idea)
fe A f: A— C. Then, we have

IFl <1

= |f(z)| < ||z Vo
f(@) € Dyj4(0)

By Tychonhoff’s Theorem, product of compact spaces is compact (f(7))zea € HzeaD)q(0)
(x-tuple of closed unit discs).

Hence, we have f,,(z) — f(z) <= each coordinate converges. O

Theorem 23. o(A) C (A*); is a nonempty, compac set in weak-* topology.
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15 September 2021
Theorem 24. 1 € A (Banach Algebra) = o(A) # ) is weak*-compact.

Proof. x ¢ G(A) = 3I C A maximal ideal.
x € I = 3d¢ € o(A) by correspondence theorem. I = ker(¢) = ¢(z) = 0.
o(A) # () C A* compact by Banach-Alaoglu. O

Tt is sufficient to show that o(A) is a weak*-closed.

Proof. ¢ € o(A) = 3¢; € a(A) = GW*
= ¢i(x) = ¢(x) Vo € A.

Fixz,y € A. ¢i(2)¢(y) = di(zy) Vi = o(x) - ¢(y) = (ay) since ¢s(x) = ¢(x), ¢i(y) = ¢(y) and
oi(xy) — d(xy).
Since the space is Hausdorff. limit is unique (similarly, this holds for addition, identity, etc.).

Lo ea(A). O

Theorem 25. Suppose K is Hausdorff compact and C(K) : {f : K — C continuous }. Then, 3
a natural homomorphism

K — 0(C(K)) weak™ topology
k— ¢k

defined by ¢i(f) = f(k) Yk € C(K).
This map is a homeomorphism.
Proof.

1. Show injective.

Suppose k1 and ko such that

Pk = Pk,
¢1€1 (f) = ¢7€2(f) vf
f(k1) = fk2) V

Continuous function on a Hausdorff space is compact. Hence, because continuous functions

separate points, k; = ko <= injective. O
Proof.

2. Show continuity i.e. k; = k = ¢y, woak, k-
Fix f € C(K) = ¢(ki) = ¢(k) = on,(f) = o(k(f)) O

Exercise M(C(K)) ={f € C(K)|f(K) = 0}. Show this is maximal.
Lemma 26. For any ideal I C C(K), 3B € K = 1.

Definition 5.1 (Gelfand Transform). 1 € A, take C(0(A)) where z — (I'(z))(¢) = ¢(z).

Theorem 27. T is a homomorphism, contraction.

A€ G(A) < T(a) € G(C(a(A)).
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Proof.

Contraction |[I'(z)[[¢ = supT'(x)(¢) = supye, () |¢()]
a€G(A)=1-T(1)I(a) =T(aa"t) =T(a) -T(a"t).

< Assume 0 # G(A) = 3 € G(A)(x) such that ¢(a) = 0= p(a)(¢) = p(a) € G(a(A)).
Corollary 27.1. o(x) = o(z*)
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17 September 2021
Recall, Gelfand Transform:

I':A— C(o(4))
z = I(2)(¢) = ¢(x).
Theorem 28. a € G(A) < T'(a) € C(G(A)).
Corollary 28.1. o(a) = o(Ta).
llal| = r(a) = r(T'(a)) = [[T(a)]].

Theorem 29. Let 1 € A, C* algebra, commutative. Then,

TA C(o(A)) is an isometric *-isomorphism.

(We need to upgrade homomorphism to #-homomorphism).
Proof.

(a) Show I'(z* =T'(x).

(i) Case 1: (Self-adjoint) i.e. z = z*.

r=2z"

=o(z) CR
=o(l(z)) CR
(Image is closed under R, space where conjugation is the same).

Therefore, T'(z*) = I'(z) = T'(z).

(ii) General Case Let © = a + ib, where a, b are self-adjoint. Then,

z" = (a+1ib)*
=a" + (ib)"
=a—1b

=z+a" = (a+1ib)+ (a—ib)
= 2a
T+ "
T

x* d(xt —x)

Similarly, x — 2* = (a + ib) — (a — ib) = 2ib=b = x;2 = 5
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(b) Now show isometry.

I(@)]] = r(T(x) = r(z) = [|=[].
In addition, since x commutes with 2* <= Normal. This is injective since the kernel is trivial.
(¢) Now show surjectivity.
1eT(A) Cc C(o(4))

Note Contain constants, normed closed, and separate points.

Take y € T'(A) = I(yn)n C T(A),[lyn —yll = C.
= (Yn)n is a Cauchy sequence. Therefore, ||y, — ym|| = 0o as n,m — .

=y, — ['(x,) for some x,, € A. Then, we have:

[yn = yml| = [T (zn) = T(@m)]| = |lzn — zml|
—0asn,m— oo

= Cauchy sequence = Jz € A such that z, = 2 = T'(z,) = I'(z) = yn = .
Therefore I'(A) separates the points of o(A).

(d) Fix ¢1 # ¢ € 0(A). Then, does there exist a € A such that
[(a(¢1)) # F(a)(¢2) <= ¢1(a) # ¢2(a).
(e) By Stone-Weirstrauss Theorem, I'(A) = C(0(A)). O
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4b.

6 Continuous Functional Calculus

6.1 Notation

. 1€ A= C* algebra.

p € A, p? = p (idempotent).

p? = p = p* (projection).

h € A, self- adjoint, h = h*.

u € A is called isometry if u*u = 1 (preserves norm).
u € A is called partial isometry if u*u = projection.
u € A is unitary if v*u = uu*.

x € A is called positive if x = y*y for some y € A.
Take A = {> 0|z € Al}. z =y for some y € A.

Let Ay = {x >0z € A}.

Va S A,IA+1'*,JJ*A+$ C A+.

If you pick z € Ay, z = y*y_ = xza* = xy*ya™ = (yo*)*yz*.

Partial order t >y < z—yc A"

20 September 2021
A — C(o(4))
z = I(2)(¢) = ¢(x)

is an isometric isomorphism.

6.2 Continuous Functional Calculus

Consider
I~:Co(z)) = A
= flx) e C*"(x,2",1)

Theorem 30. Let A, B,C*-algebras with units. Let x € A such that xa* = z*z. Then, the
functional calculus satisfies:

Cla(A)) — A
[ f(x)

is a *- homomorphism Vf =3, , apez®2*, f(x) = D ke agerFr*t.

2. Vf € Clo(z)), o(f(x)) = flo(x))

3.Ifd: A— B,o(f(x)) = f(P(x)).

4. If z,, C A normal, z, J—H—> x = Then VQ D o(x) compact neighborhood 3In > 0 such that
o(x,) CQand Vf € C(Q),

F@a) 1 f(a),
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Proof. (1), (2) = (3)

DIV

O(f(2) = (X anez’a™) = 3 ape® (@) ®(2)™ = f(P(2))
VF. 3fo fo uniformly
1fn = flloc =0

fa(z)-

12(f(2)) = f(@@)]] = [[2(f(2)) = D(fu(2)) + @(fn(2)) = fu(®(2)) + fn(®(2)) = F(2(2))]]
<[[@(f(x) = fa(@)I] + [[fo(®(2)) = f(@(2))]]

<7 @) = Fa@)] + ([ fn(@(2)) = F(())]]
<2|(f = fa)(@)]| Vn
—0

4. x — 2~ is continuous and ||z, — || — 0 gives the first part.
¢ = sup,, ||zn|| < oo

€ C(), g polynomial, ||f — gl[c < €

1f (@) = f(@)|] = | f(zn) — g(@n) + g(2n) — g(x) + g(z) — f()]]
< | f(zn) — gl@)ll + |1 (@) — g(@)|| + |[g(zn) — g()]]
<|f = glloe + [If = glleo + lg(zn) — g(@)]|
< 2e+ |[g(zn) — g(2)]|
<Cllzn—al]

Theorem 31. 1 € A, Vo € A, Juq,us,us, uq, A; € C,

4
i=1

T+ x* T—x
I =

*

Proof. x = Re(z) + ilm(z), Re(x) =
Let uw = x +iv/1 — 22. Then,

=z ||z|]| <1=o(z) € [-1,1].

o(z?) c [0,1].
o(l—x?) C[0,1].
t =\t

v r, V1 — 22 (Push forward).
wu* = (x + V1 —22)(x —iv/1—22) =1

22 September 2022

6.3 Functional Analysis Application

1€ A, C* Algebra.
Proposition. Vo € A* ={z € Alx =2*} g,z € Asuchthat t =24y —a_, 24 -2_ =0.

Jordan Decomposition o(z4) =oc(x_) C [0,00), f = f+ — f—, where f, = sup{f,0}, f— = sup{0,—f}.

Note that V symbolizes the supremum.
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Proof. t = (0Vt)—(0V(—t))

By Functional Calculus, we have x = (0 V t)(x) — (0 V (—t))(x). Note that zy - z_ = 0.
—_— Y

T4 T _

[Tohen) we have by o(f(z)) = f(o(x)) (push forward), o(x1) = (0 V t)(x) = 0V t(o(z)) E

Proposition. Let 1 € A, C*-algebra, assume z € A is normal. Then TFAE
1. z is self-adjoint <= o(x) € R.
2. z is positive < o(x) C [0, R).
3. x is unitary <= o(z) C II (Unit Circle)
4. x is projecitve < o(z) C {0,1}.

Note we have done = before. We will be proving < . Also o(z) C Rt > t,t >t =z = z* =
t(z) = t(z).

Proof.

4. < o(x) C {0,1}.

We see that t = ¢t when taking the max. Hence, by Functional Calculus, z* = ¢ = 2 = its is a
projection. U

Now we move on to 2.

x is positive = Ty € A such that z = y*y.
If we know that yy = normal, then y*y = [t?|(y).
Lemma 32. Let z,y € A* such that o(z)o(y) C [0,00). Then, o(x + y) C [0, 00).

Proof. Observation 1: |||z|| — z|| < ||z]].

r(lel] = =[])

sup |[z]| = Al| < |||
Xeo(x)

| ]| =]

(The last inequality can be visualized on a number line. Write A is between 0 and ||x||. Then
the inequality follows).

Similarly, [||y|| — y|| < ||ly||- Then, we have:

(| + [yl = 1] ]| = 2[| + llyll - Il
= [[(llzll +lyll = (& + Yl =  sup ([l=]] +[lyll = Al

€o(z+y

= r(l[z][ + [yl = (= + )]

< sup (|[z(|+[lyll = A) < [l=|] + |yl
Ae(z+y)

=>0<AVeoa(z+y)
The last line follows since x + y is self-adjoint. O
Proof.

< o(z) C [0,00).
x is normal. Then, t = Vt\/t Vt € o(x) = x = Vo /7 = (V)" (VT).

Let y = y/z. Then, we are done.
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= Assume z is positive = = = y*y. Show o(z) C [0, 00).

By Jordan decomposition, © = x4 4+ z_. (Both spectrums are positive). We need to show that

r_ =0.

Consider a =y - x_. Then,

a*a = (yr_)".yzx

r_y yr_
r_xx*
r_(xy —x_)w_

2
,(z_)

= o(aa*) C o(a*a) U {0}

= —o(a,a”) C (0,00)

C

(—OO, 0]

Let a = z + it, where z,t are self-adjoint. Then, we look at

a*a+aa* = (z —it)(z +it) + (2 + it)(z — it)
= (22 + 1) itz — izt + (22 + %)

= 9222 4+ 212

= o(a*a) = o((22% + 2t*) +(—aa*))
—_———
C[0,00)

Hence, by the lemma, o(a*a) C [0, 00).

~——
C[0,00)

og(a*a) = (—00,0) N [0,00) = {0}

a*a=0 (By Functional Calculus)

— —(z_)*=0
—= —2_=0

ST =o

Corollary 32.1. z is a partial isometry = z*is a projection.

*r=7p

= o(z*z) C {0,1}
= o(xz*) C o(z*z) U{0} C {0,1}

By (4.), xz* is a projection as well.

24 September 2021

Corollary 32.2. 1inAC* algebra, a € A,a >0=0<a <||a]|-1

Proof. |la]]-1—a >0

[0,00) D o(]|a]|l —a) = {||al]] = A, A € o(a)} (This follows from (2.) by Proposition above).

Proposition. 1 € A C* algebra. Suppose z,y € A. Then

LO0<z<y= o<y

2. Moreover if z,y are invertibles, then y~' <z~ 1.

28
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2. a>0, Vb, b*ab < 0.
Let a = 2%z = b*2*2b = (20*)*(2b).
Consider y=' <z~ 1. Let b= z'/2 = \/x (this is defined) and 2'/2 = (2/2)*. Then,
(x/2)* gy~ a2 < (2/2)*x=1x/2. Also, note that
gl <ol e /21212012 e g1/27101/2 < 1 (bR,

Now, we proceed to the proof (Note that spectral radius can compute).

Proof.
1) =(2)

<y
= y—1/2xy—1/2 < y—1/2y1/2 -1
Sy V21 /251/2 =12 <
— J?l/Qy_l.Tl/Q < ||m1/2y_1x1/2\|
:T($1/2y71$1/2) T(b*b)
_ r(ml/Qy_l/Zy_l/Qa:l/Q)
_ r(y_1/2x1/2x1/2y_1/2
_ r(y_l/Qxy_l/Q)
= [ly~ " 2ay™ 2|
<1

221/ e /A1 25-1/0 <
Finally, we have that:
Yy~ VAL 2y <Y 2 14|

= VA @My (o)

= [ty

= p(y~VAgl/2y~1/4
= r(z1/2y1/2)
ety
<1

IN

We can see this since b*b = (y~1/221/2)(2}/2y~1/2) <1 = |b|| < 1.
f0<a<1=0<]|la]|<1=0o(a)C0,1].
Finally, [[a| = 7(a) = supyeq [N < L.

xis set of invertibles, 0 < x < y.

Pick € > 0.

Consider = + €l,y + €l. Then,

0<z=o0(x) C[0,00)=0c(z+e€l)Cle,00) =x+el,yl +e€ G(A).
Note that 0 € o = invertible. Then,

z+el <y+el =Vr+el <y+el (by 2 from previous part).

Hence, 0 <€ = 0= /<z <= /x < /y as a limit of z + €l < \/y +€l.

29



27 September 2021
HW
1. A C* algebra the extreme points of (A4 ) are the projections.
2. Extreme points of (A*) are the self-adjoint unitaries.
3. Extreme points of (A) are the partial isometries.

Definition 6.1 (Extremal Points). Xo C X convex then z € Xy is an extremal point if whenver

To + X1
T = 5 for some xg, 21 € Xg = x =29 = 27.

Proof.

1. = Pick x € Ext((Ay+)1), the set of extremal points.
z€ (Ap)1 ={z>0,||z|]| <1,1 >z > 0}.

0 <z< 1 = (xl/Z)*xxl/Q < (331/2)*33‘1/2 =

2 _ ,1/2,,1/2

8
|

Trr

=zl <zr<2

1

5(21’ — 2% 4 2%)
2r — 22 4 22
2

8
|

Because 1 > 2 >0,0< 2?2 <2 <1=2%¢€ (A)),.
Also
0<2z—-2<1<1
== 1-22+2>>0
= (r—-12>0
— 2 —ax?c A,

Hence, since z is an extremal point, 2z — 22 = x = 22 =.". x = 2 = Projection. ]

1. &= We need to use commutativity here. We will need to:
(a) Show Abelian case [characteristic function of a clopen set]

(b) Show other cases can reduce to the Abelian case.

Proof.
b
Let p = %, where a,b € (Ay)1
_a, b
P=357%
b_,_ e,
2—p 2_p
L
2_p,2_p

We will set this aside for a second and come back.
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Claim Now suppose we have proven

bp=pb=1>
ap=pa=a
Then,
_a b
P=573
a b . e
(p— 5= i)b by right multiplication
= pb— ab _ ﬁ
PPy T
b b2
—(bp — Ea = 5) (by left multiplication)
< ab=Vba
Hence, it commutes.
Now, we shall prove the claim.
1
p= §(a +b)
ta=p-ib<
2a =D 9V = p
=0<a<2p

(First note that 0 < p <1 is self adjoint) Conjugating both sides, we get:

)
0<(1—p)a(l—p) < (1-p)*(2p)(1-p)
0<(I-pa(l-p)<(1-p)2p)(1-p)

(I—=pla(l —p) <2 (p —p°) (I-p)
=0since this is a projection

(I=pla(l—p)=0
= (a—pa)(1-p)=0
=a—ap—pa—+pap=0
= (1 —p)a1/2a1//2(1 —-p)=0
(@) (1 =p)a'?(1—p) =0

= yxy =0
— y=0

= a1/2(a1/2)*(1 —p)=0

a(l—p)=0
a—ap=20
= (a = ap)*
a* = (ap)*
a=pa=ap

Similarly for bp = pb = a. Hence the claim is satisfied and the proof is complete.
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Abbreviation For

Properties
1.
2.

Schur Product

7 GNS Representation

Gelfand-Neumann-Segal

7.1 States on C*- algebras

Let A be a C* algebra.

Definition 7.1 (Dual). A* = {¢ : A — C continuous, linear } forms a bimodule structure on
A.

In particular, A* has A — A bimodule structure (both left/right action) defined by

a6 b(z) = $(bra)
One can check that (aja2)o(z) = ¢(x(araz)) and (¢b1)(ba)(z) = P(b1ba) ().

Linear

Normal

la-¢-bl[ = sup la-¢-b)(x)]

=<1

= sup |¢(bxa)
llall<1

<|lg[| sup [|b-z - al| <[[b]| - [|a]| - ||2]]
|z|<1

We also need to preserve the Hermitian.
Definition 7.2. ¢ : A — C is positive functional < ¢(x) > 0,2 <0.
Definition 7.3. ¢ : A — C is faithful functional < ¢(z) #0 Vax > 0,2 # 0.

Definition 7.4. ¢: A Cis state <= ¢ >0 and ||¢|| = 1.

(A) D S(A) ={¢: A— CJ¢ is a state} is a compact subset in weak*-topology (by Alaoglu).
29 September 2021

Let A be a C* algebra. Assume 1 € A. Recall that S(A) = {¢: A — C linear functional ¢(z) >
0Vz € A, }, where A, is set of positive elements (preserves positivity).

S(A) C (A*); weak*-compact.
¢ € S(A). Pick a, € ¢*(N),a, > 0.

Zn an®(75)]leqd (> anryn) < 00

= (P(x))1 € £°(N). Then,

(an)(by,) >0, (a,) € £*'N) [summable] and
> anb, < 00 = sup, ||by|] < oo

" SUDe(a ) O(2) <00 = |[of] < oo

In C* algebra, people do not care about duals (unlike Bananch algebra), they care about state
space instead.

(Note that pure states generate state space)

Proposition. If ¢ € S(A) then |¢(y*(x)| < (p(x*2)2(d(y*y)'/? Va,y € A.
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Proof.

<z,y >g = oy z)
< @1+ 22,y >¢ = Ay (21 + 72))
= ¢(y 21 + Yy w2))
= ¢(y"w1) + oy x2)
=< T1,P >4 + < T2, 0 >y

lz]]} =<z, >4p= ¢(a*z) >0
~——
>0 (by positivity)

By Cauchy-Schwarz, | < z,y >4 | <||z||¢ - |yl|o-
Proposition. Suppose 1 € A C* algebra, ¢ : A — C is a positive functional < ||¢|| = ¢(1).

Hermitian Note that ¢(z*) = ¢(z) is the Hermitian (self-adjoint elements).
Proof.

¢ (z) = ¢ (2)

= ¢(z)
=¢1 + i

Note that a is self-adjoint i.e. a <||a|| -1 Va = a*. Then, we have

z4+az* <l|lz+z¥|]|1
=z +2*|1 - (z+2%|| >0
= é¢(lz+zl|l = (x+2%) >0 (by positivity)
= [lz +2"[|¢(1) — ¢(z + 2" = 0
= [z + 27| ¢(1) = d(x + 27)

= Jle+ %] 6(1) > 6z + )
= Sl +all-9(1) > (@ +°)
x4+ x* T+ z*
T 6 2 6P
Goal [Jall6(1) > ¢()] ¥
x+ oz + x*)
IZEZP a0 > (A2,

After some simplification, we get that ||z]| > ¢(1).

1 October 2021
Proposition. 1 € A C* algebra, ¢ : A — Cline, ¢ > 0 < ||¢]| = ¢(1).

Last time, we proved =. Now, we proof the other direction.

Proof.
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< Suppose [[¢|| = ¢(1).
Pick x € Ay = {z € A,z > 0}. Let ¢(x) =a+ib,a,b € R.
Consider x + it € A,t € R. Then, we have

oz +it) = ¢(x) + o(it - 1)
= ¢(z) + itp(1)
— a+ib+it||g|]
=a+i(b+t¢l])

Taking the norm and squaring both sides, we get the following:

ja® + (b +t]|0]*) < [lo +t]]?|lo]?
a® + (b + tl|¢l1*) < (12| + £)[|¢l”
= a® + b7 + 2btl[|| + ?lg]* < [l |lllg]]* + ¢
= a® + b + 2btl||| < [|z||* - [|0]]* Vt e R

=2b=0
=>b=0
= ¢x)=a€R
Then, we have
|zl = =
= |z||—2>0
0 < o([|=]| — =l])
< |l = =[] - [l#ll
<zl - 1]l
= o]l - 1) — o(x) = [|z - (1) — ¢()
= [lz[| - ll¢l] — ¢ ()
||w||||¢\|— ¢(z) < |lz[ - [l¢l]
—¢(z) <0
¢(z) >0

Proposition. Every C* algebra has an overabundance of states.

Let A is a C* algebra (may contain 1). Fix z € A. Then, A € o(x), 3¢ € p(A) such that
b(x) = =.

Proof. We will use the Hahn Banach Theorem.
Take the linear span linspan (z,1) — Cz + C1 < A (this is closed).
Define ¢ : Cx + C1 — C such that

dolax+b-1)=a-x+b,]|do]| = 1.

By the Hahn Banach Theorem, 3¢ : A — C linear, bound ||¢|| = ||¢o]| =
o(1).
From prior theorem, we have that ¢ € S(A). O

How to use this theorem?
1.z € A, then x =0 < ¢(z) =0 Vx € p(A).
2. z=2* <= ¢(z) =¢(0) Vz € ¢.
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Observe

Why?

7.2 GNS Construction

Suppose 1 € A, C*-algebra, ¢inS(A) = IrL%(A,¢) - Hilbert space where
71 A— B(L®(A, ¢)), *-represtations such that ¢(x) =< 7(x),1 >.
J14 € L?(A, ¢) cyclic vectors such that

o(r) =< m(x)lg, 1y > Vz € A

Up to unitary equivalence, we have p : A — B(H), 3¢ € H cyclic such that

¢(x) =<p(@)§,§>=p~T
Consider Iy = {z € A— (z7'z) = 0}

Iy ={x e Alp(xy) =0y € A}

6(y*2)| < da*a) 2 ¢(y"y)'/
S, = fp. Clearly, Ip is a linear subspace.

Completion

Suppose z € I,y € A. Show yx € I,.

Proof.

¢((yz)"(yx)) = oz y yx)
Pz y ya) < o(x||y yl||)

= o(|ly*yla"x)
= ly*yllé(z"z)
=0
=yr € Iy
Now consider the quotient of a linear space.
[.1‘] + I¢. S A/I¢,
Definition 7.5. < [z], [y] >¢= ¢(y*x)
This is well defined since
[z] = [a4]
[yl =[]

L*(A,¢) = A/I, D A/l as a dense set.

Now “extend action class y.” For z € A, we have

L*(A,¢) = L*(A, ¢)
m(2)([y]) = [2y]

We now prove that this well defined.

Proof.

(2)[y1] = TI(z)[y2]
[2y1] = [y2]
= xy1 —xY2 € Iy
r(y1 —y2) € Iy

The last line follows since (y1 — y2) € I is an ideal.
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Let I(z) : A/I, — A/Is. Then,

(@) [Y]ll2.6 = [|(zy)2]l2,6

= ¢((zy)" (2y))"/*

= oy z*ay)'/?

= pa’|a"z|ly)"/?

= [l 2l 2oy "y) "2
= [l=[[Ily]

Idea 7: H — H where T : K — K linear, K Hilbert space.
If|T)| <Cl||VE e K =3 7:H — H such that 7|x = 7.
Furthermore, ||7(£)|| < C||¢|| V€ € K.

Proof. Suppose &, € K — &€ H.
First we show that (£,), C K, 31 € H such that T'(¢,) — 7

= T&, —n  (since in a Hilbert space)
=T, =1

Let &,,&, — € and ||¢], — &,|| — 0. Then,

7€) = Tl = IT (&~ &)l
< Cllew ~ &l = 7@ =
= 3, T

Jim (1Tlecl 0l

= [Tl €]l

IN

6 October Last time we proved existence. Now uniqueness.

Proof. 3 0 : A — B(H)xrepresentation, & € H; A¢ = H and ¢(z) =< ()€, £ >.
Let U : L*(A, ¢) — H be unitary with U(II,als) = o(a0§).

Now we show that this is an isometric map (takes care of well- defined).

< U(Hpa1¢) U(II,014) > =< IIy(a)ly, M(b)1s >
o(a)§,a(b)§) >m =< p(b)"I,(a), 15 >
<o) o(a), &> =<Iy(¢"a)ly, 14 >
<o(b*ag,§ > = ¢(b%a)

For b = a, we have
1Ty (a)lg]| = [|p(a)lyl|

s Mg(a)ly =T(b) <= |l¢(a —b)[| = 0.
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(Can lift to whole space). For anyting in the closure, < U(n1),U(n2) >=<m1,m2 > .
U is an isometry from L?(A, $) — H. Now show unitary (show bijection).
- U(L*(1) = H,n(II,H),19).

Corollary 32.3. 1 € C*- algebra admits only faithful representations i.e. II(z) =0 < x = 0.

Proof. ¢ € S(A) ~ 1, : A — B(L?*(4,9)).

Bpesylly =111 A = B(®yesa)L*(4,9))

IT is faithful.

m(z) =0=II,(x) =0 Vo.

() =< IIp(z)2¢,1¢ >=0.

Note that ¢, ¥ € SA, ¢ < U = ¥(a) > P(a) Va € A. O
Theorem 33. Suppose ¥ = ¢ > 0= ¥ > 0 on C* algebra A, ¢ <

<= Il y € g (A) such that 0 <y <1 and ¢(a) =< Iy (a)yly,ly > for all a € A.

Proof. GNS wrt U :
Iy : A — B(L?*(A,V)), *-representation
U(a) =< H\p(a)lq/, lg), Aly = LZ(A, ¥) (completion)
Pick 0 < a € Ay = Tly(q) € (B(L*(A, ¥)). Then,
0<y <1 <= Hy) y(lywu)1/2)y
1/2

= (1) (e

= (H‘ll(a) Ya Z 0
T>0=<TEE>>0.
d(a) =< Ilyyylg, 1y ><< (Ilyg)lw, 1u? = ¥(a). O

Proof. (=) Now suppose ¢ < W. Then, for a,b € A, L*(A, ¢) = K < [a], [b] >4= |p(b*a)|

< 0(b"b) ¢ (a"a)'/?
< 9(b°0)'2g(aa)'/?
= 1bllwlal]

() : L?(A,¥) x [2(A,C) — C. Then, ([a],[b]) = ¢(b*a).
Note that sesquilinear means linear in 1st component and antilinear in the second component.
Since A = L?(A, ¢), we have [[a][b]|s < |[bl]w||al]w

Let (-) : H x H— C be bounded = 3T : H — linear space (§,7).

(b a( = (a,0)p =< y(My (o) lw, My@yle) >
V(a*a) >< y(Hyayle, My le >
< (MMy()lely, My@)le > >< y(ly@)ly, (Ty@)ly >
< (1= y)My@ly, My@le >>0Va
< (1=y)E, € >>0VE € L*(A)
=(1-y) =0
1>y>0

Now we check that (ITy(q)y = y(Ily(a)-
It is enough to check in a dense set TU : H — K where < T¢,n >=< U¢&,n >, &ne H.
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Exercise

Proof.

(H\I’(a)y = y(H\Il(a)
—< (Myayy - My L), (Mypyly) >
=< y(Hy o) Mgy le, Hy@e)le) >
=<y(Mywle, My@) * Hyeyle >
=<yl le, My (ane)lu >= Pp(a*c*)b
= ¢(c*ab)

Definition 7.6. ¢ € S(A) is a pure state <= ¢ is an extremal point of S(A).

Proposition. ¢ € S(A), AC*- algebra, ¢ is a pure state <= the corresponding GNS construction
I, : A — B(L?*(A, ¢)) with corresponding cyclic vector 1, irreducible.

11 October

Proof Idea

Corollary 33.1. Fix 1 € A, C*-algebra, x € A.
If ¢ #0, 31: A — B(H) irreducible *-representation such that II(z) # 0.
Next we present a preliminary theorem that will be used to prove other theorems.

Theorem 34 (Krien-Milman). A compact convex set of a Hausdorff locally convex topological
vector space is equal to the closed convex hull of its extremal points, denoted by Co(ext(K)) for
compact Hausdorff space K C X.

Corollary 34.1. AC*-algebra.

Let Cy(Sp(A)) weaks-topology on S(A).

We can see this from the Krien-Milman theorem, where X = (S(A), weak*-topology), where
S(A) is convex and compact from Alaoglu.

Recall proposition:

¢ € Sp(A) ~ GNS construction II, : A — B(L?(A, ¢)) given by

d(x) =<I,(x),14)2 > and II4(A)1, = L2(A, ).

Putting these two together, we get the corollary.

Proof. x #0, 3¢ € S(A), p(x) # 0 suc h that |¢p(z) — D (i) (z)| < e
Here, 3i € N such that ¢;(x0 # 0, perform the GNS construction from the porposition =
Iy, (z) # 0. O

8 Jordon Decomposition

AC*-algebra, ¢ € A* such that ¢ = ¢* (Hermitian).
oy, p— > 0 such that

¢ = oy — o, 19l = llo+ ]| + llo-||

Can define continuous ¢ : A — C(0).

Can take all positive linear functionals (and just like Gelfand Transform), apply the separation
argument and Radon measure argument.

Corollary 34.2. Every functional can be decomposed in a linear combination of positive functions.
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9 Intro to Von Neumann Algebra

B(H,|| - ||oo- Let @ € B(H) be operators.

|[Z|loc = supye| <1 |Z€]]

Note that < x&,eta >=< £, 2*n > .

Lemma 35. x € B(H),ker(z) = Ran(z*)*, ker(z)* = Ran(a*

Proof. £ € ker(z) = 2£ = 0.

=)

Vne H,0=<0,n>=<z&{,n>=< 2" >

= ¢ | Ran(z*) = ¢ € Ran(z*)*

= ker(z) C Ran(z*)* O

Proof. (<)

¢ € Ran(z*)t =< 'y >=0Vn € H =< x&,n>=0=x£ L n V.

Pick n = z€. Then, < 2€, 26 >=0= [|[2¢||? =0 = 2{ =0 < £ € ker(x).
= Ran(a*)* C ker(z)

- ker(z) = Ran(2*)*

9.1 Point Spectrum

x € B(H).

o(z) = {\ € C]z — Al not invertible}

(One way fails invertibility if kernel is non-trivial i.e. o,(x) — {\ € C|ker(z — A1) # 0}.

Definition 9.1 (Approximate Kernel). Let za € B(H). The approximate kernel is (£,), C H
such that

&n C H such that ||¢n]| = 1 and ||z&n|| — 0
as n — 00.
oap(z) = {\ € Cz — X has an approximate kernel}
op(2) C ogp(x) C o(z).

*

Lemma 36. x € B(H) normal operator. Then, o,(2)* = op(x)

Proof. x is normal <= zz* = z*z, A € C = (z + Al) is normal as well.
Now we need to show that the operator is normal, which means

r=2za"

|l = |l="¢l| v§ € H
<x€ xf>=<z"Ex7E>
<z*r€ € > =< xx*E € >

Then we have ||(z — A\)¢|| = ||(z* — N)¢|| (essentially an isometry).
Suppose &,n € H eignevectors for « (A # p). Then,
(x — A1) = 0= z£ = A{. On the other hand

(x—pl)n=0=a§ = pn = z*n = .
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Then, for A € C, we have

AL<EN>=< A, >
=< zé&n >
=<, pn >
=< p&,n >
=p<&n>

S<&n>=0. O

Proposition. x € B(H). Then, 0o(z) C 04p().

Proof. Suppose A € do(x) (That means we can approximate from outside the boundary).
= 3\, inC — o(x) = P(x) with A\, = A.
=z — A\, — = — A (not invertible, limit point outside, blows up).

Using a prior lemma we have ||(z — \,,)7Y|| = oo = 3¢, € H such that ||¢,|| — 0 such that
|z = An)Hnll = 1. O

Normally, [|£,]| = 1 such that ||(x — A\,,) 71€,|| = ¢, — 0o (after rescaling/normalizing).
1@ =M@ = An) 7l < A= Anlll(z = An)énll + [1€al] = 0.
Therefore, (z — \;;1(£,)) is the approximate kernel.

Recall partial(c(x)) C ogp(x)

Lemma 37. © € B(H)

x invertible <= neither x nor z* has an approximate kernel.
3 €[], [[Enll = 1.

[|z€ +n|| — 0 as n — co.

Consequently, o(x) = 04p(z) U ogp(x* Vo € B(H)

Proof. (=)
Suppose z invertible, 3z~ € B(H) such that

[l loollz€]| > [la™ (28| = llg]] V€ € H
ITE < ITllll¢ll T € B(H)
1
|@H=1©HWWWMH21$HMHZWHZO

. ¢ does not have an approximate kernel for x*. O

Proof. (<)

Suppose that neither x nor «* has approximate kernel. Show that x has dense range.
Recall,

ker(x) = Ran(z*)*, ker(z)~ = Ran(z)*

Pick (x£,) C Ran(z).

This is injective and dense (almost surjective). Need to show it is fully onto.

(z€,) C Ran(z) — {z¢, £ € H} € H.

Assume Cauchy sequence.

= ||x&n — 2€m| — n,m — 00 = ||z(&, —&m)|| — 0. (operator does not have approximate kernel).
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Claim ||, — &nl|| — 0.

If not, ||&, — &m|] = Co > 0 Vn,m.
HX(ﬁn —&m)
(I[én = &m)

= X will have non-trivial approximate kernel.

—0

H Hilbert space = complete = &, — & = x&, — € € Range

Everything in closure is in Range = closed.

Summary 7 € Ran(z), ||n — z&,|| — 0.
By triangle inequality, ||z&, —n +n — z&,|| — 0.
This is Cauchy. z is a linear bijective map. Now we apply the Open Mapping Theorem.
x : H — H bijective =(open 3x~!: H — H exists.

{< x£,&|]|¢ =1 >, € H. Records all the complex numbers. (This is where all complex numbers lie).

Lemma 38. x € B(H) Hilbert space. Then, o(z) C W(x).

Proof. Fix A € o(z) = (z — A1) not invertible.
Either z — X or (z — A)* has an approximate kernel.
= 3o € H,|[&l| = 1, [[(x = A)&nll = 0 or [[(z — A)"&ul| = 0

| < €, &n > _)‘1“ = | < mfmf)n > _)‘HgnHZ‘
=| <&, &n > A< &, & > |
=| < x€p — An, §n > |
= ||zén — &l = 0

<2,y > A= e W(X).
(Repeat with < &,,z*&, > - same story). O
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Theorem 39. A € W(X),z € B(H). TFAE:

(1) z normal < ||z&|| = ||z*¢|| V€ € H.

(2) x = 2* < < 2§,z >€ P (closed subspace of C V¢ € H

B)z>0 =<z, {>>0V¢cH

(4) z isometry (z*z =1) < ||z€|| = ||| V€ € H.

(5) x is a projective <= x = P}, (orthogonal projection on K = K C H).

(6) x is a partial isometry <= 3K = K < H such that z|x is an isometry <= x|z = 0.

Proof. (1)
l2€]1* = ||z
< xz€ € >=<x*E rvE >
<z'xl € > =<zx'E € >
<zrfr—xzré,E>=0V¢e€e H
O
Proof. (2)
< x> =<zE>
=< &, 26 >
=<z x>
=<(z—2%,£>=0
— r=2za"
O
Proof. (3)

If x = y*y for some y € B(H), then < y*y&,& >=< y&,y€ >> 0 for all £ € H.

Conversely, if < z£,£ >> 0 for all £ € H then x = 2* by (ii) and by the previous lemma o(z) C
W (z) C [0,00), so x is positive. O

Proof. (4)
If z is an isometry, then z*z = 1 and so ||z€||? =< z*z€, & >= [|¢]|? for all £ € H.

Conversely, assuming < xz*x&, & >= 0 for all £ € H and applying the polarization identity, we have
¥ =1. O

Proof. (5)
Suppose x is a projection and let K = R(x) = (Ranz)*. Notice for all ¢ € K,n € kerz and z¢ € R(x),
we have < z€, 7+ x( >=< &, x& >.

So, € € K and £ = £.Therefore, z is the orthogonal projection onto K. O
Proposition (Polar Decomposition). Let H be a Hilbert space and « € B(H ), then there exists a partial

isometry v such that = v|x| and kerv = ker |z| = ker . Moreover, this decomposition is unique in
that if = wy where y > 0 and w is a partial isometry with kerw = kery, then y = |z| and v = w.

(Moreover, v*z = x| as < v*x€, |z|n. =< 2€,2n >=< |z|*¢,n >).

Proof. Define a linear operator vg : R(|z|) — R(x) by vo(|z|§) = x€ for any £ € H.

Notice, |||z[€]] = ||z&]] is vo is well defined and bounded, so it extends to a partial isometry v : R(|z| —
R(z) and we have v|z| = x.

We also have kerv = R(|z|)* = ker(|z|) = ker(x). Now suppose = wy with y > 0 and w is a partial
isometry with ker w = kery.
Then |z|> = 2 = yw*wy = y? and hence |z| = (|z|?)}/?y.

Then, kerw = R(|z|)* and [|w(z)¢|| = ||z€]| for all £ € H and w = v. O
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10 Trace Class of Operators

Definition 10.1. « € B(H),z > 0. Then,

Tr(w) = > ;o < @&, & > where (&;)ier is an orthonormal basis of H = &; L §; Vi, j and [|§]| =1 Vi.
Lemma 40. Suppose z € B(H), (¢); C H ONB. Define Trace as Tr(zz*) = Tr(z*x)

Theorem 41. If © € B(H),z > 0, Tr(x) is independent on the choice of (§;);e; C H ONB.

Proof. Let (§)ier, (nj)jer C H ONB.
Let w: H — H be a unitary operator with «*(§;) = n; Vi. Then, we have the following:

Tr(x) = Z <z£,& > (r=y"y)
Tr(y*y) = Tr(y"u"uy)
= Tr((uy) uy))
= Tr((uy)(uy)")
= Tr(uyy*u*) (by lemma)

=) <uyyutg, & >
7

= Z <yytutg,utE >
7

= <yynimi >
i

=3 <yymimi >
7

= Z < xTn;,Mi >

(Trace with respect to 7;) O
Proof. Let (§;)ic; C H ONB. Then,
Tr(z*z) = Z < x*x&, & >

el
= <ag,ag>=Y_|lz&]
el iel

=2 QI < g
:Zi <2, & >< x&, & >
:Zi <&t >< & v >
:iZlqiyx*&pP

I
=lex*£j|\2
ISP
S <ty s

J

= Tr(xz™)
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Definition 10.2. z € B(H), ||z|| = Tr(|z|)
z is trace class < ||z||; < co(L'(B(H)).

Trace Class Operators

re LNBH)),Tr=3,. <a&,& >

Lemma 42. 2|Tr| < Tr(|z]) + Tr(v|z|v*) < 2||z||1
x =vl|z|,z € B(H),z € v|z|,v€ € H. Then,

2| <a, &> | << |26, € > + < zforE v >

Proof. Take ||(z — |z|'/2 4 v*)¢||. Then,

(@ = |22 + 0")Ell << (ja'/? = [V + 0")E, |2 V2 — || /20"
—< Ja] 26, [£2(6) + 1] < [av7E > —2Re(< [o]%6, ||z 20%€ )
= 2Re(t < |z|¢,v*E > << |2]€,€ >+ < |z|v*E v >

(Here t € C). O

22 October (*(B(H)) = {z € B(H) : Tr(|z]) = ||z||1 < oo}

Theorem 43. L1(B(H)) is a two sided ideal in B(H), elements of £L*(B(H)) appears as finite linear
combination of positive operators of finite trace.

Proof. Show || - ||1 is a norm € £Y(B(H))
z,y € LY B(H)) = z+y € LY(B(H)).
Using the polar decomposition theorem (z = wlz| = w*w = r(z) i.e. w*w|z| = z), Jw € B(H)
partial isometry such that
T +y = wlz+yl
— wrwlz+yl = |z +yl
=w'r+wy=w(r+y)
= w*w|x + y|

= |z +y

z,y € LY(B(H)) = w*z,w*y € L*(B(H)).
v € LY(B(H)),

Know w is a partial isometry = w*w is a projection = ww* = 1.

ww* <1
zrww r < z¥lx
=z*z
= (w*z)'w'r = 2*x
lw*a|® < |z

= |w x| < x|

For x > 0, we have
Tr=73, <&, >> 0= Tr(jw*z|) < Tr(|z]) < oo.

(This way, we can show this is a left ideal). Next,
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llz +ylln = Tr(lz + y])

= Z < |z +yl&, & > (&)ier € H ONB
el

= Z < (w'z +w'y)&, & >
1=1

=) <w'zg, & >+ Y <w'ag, & >< 0o
i=1 i

=z +y € LY(B(H)). Therefore, it is a vector linear subspace. Furthermore,

|z +yll = Tr(w"z) + Tr(w™y)
< Jw*z||y + [[w*yllx
< el + Iyl

Also note that ||cz||1 = |c|||x||1 since |cx| = |¢||z|. So far, we have shown this is a semi norm. Finally,
we have
llz|ls =0
= Tr(Jz]) =0

Z <|z|&,& > >0 (since it is a positive operator )
i=1
=< |‘T|£Za§z >=0
< ‘l‘ll/Q‘l‘ll/Q&,fi >=0
< [a]'/2, 2|26 > = 0

|2 = 0
|1'1/2§i| =0
|z[& = 0 Vi
= |z| =0
cz=0
Hence we have shown that this is a norm. O

An element x = w|z| (by polar decomposition).
1 : k1) *
y € BH) = ylal = { Shoo(y+* - Diel(y +i°1)
After some computation, we come to the conclusion that Tr(|z|"/2(y + i*)*(y 4+ i*y)(|z|*/?) = ||y +
i*]|Tr(|z]) < o0
Theorem 44. x € LY(B(H)),a,b € B(H). Then TFH:
Wzl < [[l2
llaz +bl|1 < lallol[bloc ||2[ |1
(3)Tr(az) = Tr(za)

Proof. ||z[|sc = supy¢) <1 [|#€]|
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Fix ¢ € H,||¢|| = 1. Then, 3(&)ie; C H ONB. Then,

l2€]|* =< 2*2¢€, & >

< Z < xtwi, & >
i=1

= Tr(z"z)

— Ti(jz?)

< [[a]oe Tr(|])

= [|z[lool|2[

Now consider ||az||;. Then,

|
a*a < ||a||*1
r*a*ax < ||a||A x>
(@) az < [lall2, - 2"
Jaz]* < |al | |«
= laz|| < la]|oc ||
Tr((az)) < Tr(lalloo - |2])

ezl < flalloo |2l

we U(B(H))
’I‘I‘(SL‘U) = (fi)ie] ONB. Then7

Tr(zu) = Z < xu&;, & >
= Z < xugiaU*ugi >
i
= Z < uzué;,ug; >

= Tr(uz)
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Exercise Show that the finite rank operator FR(H) C L'(B(H)) and moreover FR(H) = L'(B(H)).

Hint Tr({ ® 7) =< &,n > (finite linear combination). Show dense.
Apply definition. Let (b;);c; be an ONB. Then,

Tr(E@n) =Y @7 <bib >
=1

= <<bi,n>Ebi >
iel
= Z < b;,m><&,b; >  Prove this is the same as dot product
iel
:Z <§ia<§’i>n >a£i >
iel
=< &,y <bi,n>b; >
i

:<£i,z<n,b¢>b¢>
=<&n>, 1€l

Theorem 45. (L*(B(H)),|| - ||1) is a Banach space.

Proof. (From previous lectures), (L*(B(H)),|| - ||1) is a normed space.

Check Completeness Fix (x;),subsetL'(B(H)) is a Cauchy sequence.
vn,m € N, ||z — Zm|loo < ||2n — 2ml|1 <e.
= (xp)n C B(H) is a || - ||eo -Cauchy sequence.
= Jx € B(H) such that ||z, — 2||cc — 0.
[|Xrn — Tm||loo — 0 as n,m — oo.
= ||zn — 2||oo = 0 as n — o0
= |||zn] — z||oc = 0 as n — oo (application of continuous functions).

Now suppose &1, &9, ..., &, C H is orthonormal system. Then, we need to analyze the trace as follows:

k k
Z <|z|&, & > = nh—>ngoz < |znl&s, & >
i=1 i=1

< Tr(zy,)

= llznllx

< C for every n € N

This is bounded by constant for all k.

2|1 = limg oo b, < |26, & >= C = = € LY(B(H)).

Fix € > 0. 3N >> 0, ¥n > N such that |z, —axn]|]1 <e.

Let Hy < H be a finite dimensional subspace. Then [|zy Py || < € (by theorem above).

Also assume that |[z Py [[1 <e. Then,
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|z — @allL = |[(z — 2n) © (Pr, + Prs)ll
< (@ —an) o Prylly + |[(z — 2n) 0 Py ll1
<|[(@—=zn) o Prolh + [|(z —zn) o Pyt + [[(zn — 20) Putlh
<||(x —xN)Pu,|l1 + 3€

k
Z< T — Tnp 62751 >+36

i=1
Ellx — zp]|oo + 3€

IN

Theorem 46 (Pre-Dual Property).

Jmap¥ : B(H) — (L'(B(H)), ]| - ])*
as U,(x) = Tr(ax),z € L*(B(H))

is a Banach space since this is an isomorphism.

Proof. Show surjectivity.
Fix ¢ € L'(B)H))*.

Take (¢,n) € H x H. Then, (§,17) — ¢(£ ® 77), (rank 1) is a bounded, sesquilinear form y the Riesz
Representation Theorem.

Jda € B(H)) such that

Tr(a ® 7_7) =<a§,n>= ¢(£ Y 7—]) VEn= ¢ =V,
Since Tr(ax) = ¢(z), this is onto. O

27 October 11 Hilbert Schmidt Operators

Recall LY(B(H)) = {z € B(H),||z||1 = Tr(Jz]) < oo}.
L*(B(H)) ={z € B(H)|z|?> € LY(B(H)) = Tr(z*z) = Tr(|z|?) < oo}
Here are some properties for L'(B(H)); Tr).
Lemma 47.
1. L*(B(H)) C B(H) is a 2-sided ideal.
2. Vay € L*(B(H)) = zy,yx € L*(B(H))
3. Tr(xy) =Tr(yz)

Proof. x,y € L? = x +y € L?. Then,

lz+y)? <|e+y[> + |z -y
=(@+y)(@+y) +(@-y)(@z-y)
=@ +y)@+y) + @ —y)(z—y)
=r'r+r'y+ty'z+yy+ (@ -y -2z +y'y)
=2z%x 4+ 2y*y
= 2[a?| + 2|y?|
Tr(|z + y|*) < 2Tr(|z[?) + 2Tr(|y[*) < o0

Therefore, it is a linear subspace.
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|laz|® = (ax)*(ax)
= z*aax

= ||z%al| — 2™z

= kllalf® - |=|?
fora € B(H),x € LQ(B(H)).
We will now use Polarization.
r,y € L2 = xy.
13
yo=1> ify+it) v+
p=0

3
" 1 . .
Tr(y*e) = Te(; Yy +iy)"(y +13)
p=0
1 3
=12 Telly+i)") (v + i)
=0

_ EZTr((y + i)y + %)
= Tr(xy™)

11.1 Hilbet Schmidt Operators

z,y € L*(B(H), Tr).
Define < z,y >3= Tr(y*z). Then,

0 <<,z > = Tr(|z])? = ||2]]3
|lzill3 =< |z[*&, & >=10

[lazblls < |lalloc - [[bllsc - lzll2 Va, € B(H),x € L*(B(H)).

[lz[]2 = sup = sup [Tr(y"z)|
lylla<LyeL2(B(H))  [lyll2<1

< sup |y |loo ]2
lyll2

< lelx

Therefore ||z]|o0o < ||z]]2 < ||2|]1 Va.

= ||«

= [lll%

v,y € L(B(H)) = |lzyllr < [|z]l2llyl]2-
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Proof.
lzylly = Tr(loy)
— Tr(a*v)"y)
=|<y,r"v >3
< lyllz - ll="v]l2
< lyllz - llz"[l2[[v]loo
= [[yll2]|=]|2

Here v is the projection. O

29 October H, K Hilbert spaces. Consider H® K, which is new Hilbert space.
HS(H,K) = {x : H— Klinear, bounded|% € L?*(B(H ® K)}
r: H— K.
Definition 11.1.
T HdK - HoK
L(Edn) =0sx()
(bounded operator =€ L?(B(H @ K)).
Lemma 48. HS(H, K) form a closed subspace L?(B(H @ K))

Proof. Exercise. O

Observe (When K = C), HS(H,C) is the dual of H (by Riesz Representation H* = H).

By Riesz Representation Theorem, this is naturally anti-isomorphic to H.

11.2 Lifting Procedure

H = conjugate of H.

B(H) — B(H)

r—z, () =af

Consider H®H (completion of algebraic structure), where(¢;); C H ONB and (n;); C K ONB. Then,
(& ®@mj)ierjes ONB for H k.
Note that the span of & ® n; = HRK.
Also note that HOK D H @c K = {) ;.. @0 € Hyn e K}.
Then, we apply tensor to a vector.
x € B(H),y € B(K), then we can define a new tensor z ® y € B(H®K).
Define (z ® y)(h) = zhy*. Then,

Iz @ y)(& @)l = [[(z€) @ (yn)l|
< fan|l[[nh]]
< zlloollEN + 117yl oo
= [z @ ylloo < |2l lylloo
= [[z[[ool[ylloo]1€ ® nl]

This is bounded on finite numbers.
(z®y)" =<z*(zy)*,nz*n >
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1 November 2021

Theorem 49. L*(X x X,n xn) 2 k — Ty € £2(B(L?(X)))
Then Ty (€)(x) = [y k(z,y)&(y) du(y) is a unitary, Ty = T,

. Why is this an isometry?

[|Tk|| < ||k|l2 (Want to show equality)

Suppose k = 370" ¢ij& @&
&,& € L*(X),c;; € C. For n € L*(X), we have

Ta) = [ b duty)
— [ Y cuti@ wmt) duty)

—EJ%M@Aé@MMW@)

= Zcijfi <&, >
1,
= c¢ijxi; ® §5(n)

T = 32, ; ci;& ® & (finite rank operator)
Tk|| = 11> cij& @&l = ||k]|2- (If the sum is finite, we have equality).

Tl < MK
ck=37_0 06 ®&) = [|Tkll = [Ik]]2

Fix k € L*(X x X),e > 0. Then,
k. = szzl ¢i ;& ® &5 such that ||ke — k|2 < € = ||k|| > ||k|| — € (by reverse triangle inequality).

Tl = [Tk — T, + Tk,
> —|[The—k || + [|Tk.
> [Tk N2 = 1Tk — Eel|2
= [|kell2 = Ik — kell2
> |[ke|| — €
> lkll2 —e—e

ST > K[| — 26 Ve

= [Tk, + Tkl

As e = 0,[|Tk]| > |k]]2 (due to continuity).
Theorem 50. = € B(H). Then FAE:

(1) = € FR(H)

(2) (o) C (H)1 = & Jealdy, € = x(&a) — (&) (follows from weak topology continuity for = to
norm topology of H)

(3) x(H); is compact in norm topology

(4) z(H); has compact closure in norm topology.

Definition 11.2. Va € B(H) satisfying one of the previous conditions is called a compact operator is

FRE)""™ = k(1)
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Proof. (1) = (2)
Fix (4 )aecr C H.

kl
Eo 22205 € Then, < &, n >—< En> W

Fix € > 0. Then 3y € FR(H) such that ||z — y||e < €.

Whenver &, woakdy, & = ||xz€a — x€|| — 0. Then we apply the triangle inequality:

||$§a —a:§|\ < ||m§a — Y&a + Yéa _375”
< [#€a — yéall + y€a — Y€l + |[(z — y)&all
<z = yllolléall
< 2e+ |[yéa — y€l| = 0

ie. y € FR = dim(Ran(y)) < oco.
."., we have prove (1) = (2).

Proof. (2) = (3)

Idea z(Hp) will move compact sets to compact sets.

Since H; is weakly compact, then by (2),(H;) is noncompact.

Proof. (3) = (4)

Trivial.

Proof. (4) = (1)

Suppose (P,)acx € B(H) orthogonal projections. Then,

1Pal€) — €] = 0 V¢ € H.

Note that dimc(P,) < oo.

P, = span{i, ..., &}

By composition of operators, ||Py 0 2 — z||ooc — 0.

By way of contradiction, suppose this does not converge uniformly — 0.
= 3(&) € Hy such that |Py o (§n) —&all| =& >0

By (4), €, has a limit point = Jx € H such that 2§, — x. Then

o < |[|z€a — Pxéal|
<€ = Pagll + [|(1 = Pa(2€a — &)
< 1€ = Pagll + 2[|z8a 0|
—0

3 November 2021 Recall, last time we had a theorem that said x € B(H) is compact iff z € FR(H)
Lemma 51. Suppose x € K(H),0qp(x) — {0} < 0p(x).

Proof. Pick A € o4p(x) — {0}. Then,
3{¢}; € (H)1 ={¢ € H|||¢|| = 1} such that ||[(z — N\)&n|| — 0 as n — oc.
|[2€n — An|| — 0.
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xr € K(H), {x&,}n is pre-compact.
3¢ € H such that z¢, — £ as n — oo after passing to a subsequence.

Then, by continuity we have z(x¢,,) — x€. Next,

|[z&n — Aénll — 0
[|2(26n — Anl] < []|oo - [[2€n — Adnll — 0
lz(26n) — Axall = |lz€ — AE]]
= et~ Al =0
=>xE=X A€oy

Lemma 52. x € K(H) V point in o(z) — {0} is an isolated point.

Proof. Let (Ap)n C o(x) — {0} such that A, — A.
0(z) = 04p(x) = ogp(z*.

We can assume without loss of generality that passing to a subsequence (A,;), C gop(z) — {0} O

Note that \,, are distinct eigenvalues <= will have nonzero eigenvectors.

.. dng, # 0 such that n,inH such that
x&n = A, V1

. {nn|n € N} are linearly independent.

5 November 2021 Last time, we discussed a lemma that if # € K(H) (compact operator), then o(xz) — {0} are isolated
(no limit points).

Theorem 53 (Fredholm Alternative). Let © € K(H). Then o(x) — {0} = o,(z) — {0}.

Proof. o(x) — {0} C d(c(x)) C gap(z) — {0} C op(x) O

Theorem 54. Suppose x € K(H) normal.
VA € o,(x), Ex the eigenspace (subspace of Hilbert space).
T =) \eo(s)—{o} MPE, (orthogonal projection) , where the sum is in the topology induced by || - ||

12 Locally Convex Topologies on B(H)

8 November 2021 WOT, SOT is generated by family of semi-norms.
(1) Weak Operator Topology

BH)>zw—|<z{n>|=|Pey(z)| e Ry VEne H

This is the samllest topology on B(H) so that P, are continuous for {,n € H.
(2) Strong Operator Topology (finer topology - WOT < SOT < Norm)

B(H) >z [[z]| = P¢(x)

This is the smallest topology on B(H) such that P is continuous.
Note that Pep(x) = | <& n > | < |[z€]llnl] = Pe|lnl|

Basis VVVOT(IOa "7517 "7£n77715 ann) = {’I € B(H)|P§7777(I - $0) < E,i > ;777}
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Consequence

Theorem 55. WOT, SOT have the same dual i.e.
¢ : B(H) — C linear functional. TFAE

(1) 3¢1,&, ..., &, € H such that ¢(z) = Y7 | < x&,m >.
(2) ¢ is WOT-continuous
(3) ¢ is SOT-continuous

Two different duals if duals same, the closure on convex sets is the same.

Proof. (1) = (2)

For z; — 25, x, show that ¢(x;) = ¢(x).

()l =1 < xbiymi >
i=1

§Z| < x&np >— 0
=1

O
Proof. (2) = (3)
miﬂxﬁxﬂxéﬂxi)%ﬂx). O

Proof. (3) = (1) (This is hard)

Assume ¢ is SOT-continuous.
Jk>0,&,.&,...,& € H such that

()] < kD0 2l P < k(o 0, [l€][)?
¢~ 1(D(0,1)) € B(H)S°T open set.

3¢ > 0,&4,...,&, € H such that

V(ngla "7£n7§i > 0) C ¢71(D(07 1))
Vo e V,|p(x)] < 1. ||z&]] < &Vi = 1,n. Then,

& co/2la]
g, - ekl < s
&o
S0 ez 1
< |3~ ag 1) <

lp(a) < ko> (> Jagil|?)1/2
=1
= O} a2

Consider Hy = {(z&1,2&2, .., .x&,) = & x&} < ®H = H"

d(DP2&;) = d(7)

We need to make sure it is well efined.

Koll @iy 2&il] = |o(z)] = o(iL,28:)
We note that a subspace of a Hilbert space is Hilbert space. We can also apply Hahn-Banach to extent
(9).
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By application of H-B and Riesz-Representation Theorem, we get that

(@i dill = D < haski >
=1

= g(x) =) <u&,& >
i=1

L&G=&

Corollary 55.1. K C B(H) is a convex set and EVOT ZK5OT.
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12 November 2021
Lemma 56. ¢ : B(H) — C linear, then TFAE:
1' 3 517627 "')5%71713 ---nn S H SuCh that

dla) =D < abi,mi > (3)
i=1

2. ¢ is WOT-continuous

3. ¢ is SOT-continuous

Corollary 56.1. K C B(H), K convex.
FWOT _ 7S0T

We first show K D TG
3w e K0T such that « 4 5T

Then, we have ¢ € (B(H))*, WOT). We can use this to come up with the conclusion that

—SOT
Re (¢(z)) > eo+Re(o(y)),y e K .
Contradiction.

13 o-WOT, ¢-SOT

Consider the ‘inflated space’ B(H®/?(N)).

There is a natural map

B(H) — B(H®*(N)WVOT
r—r®1

Now we can think of the pullback topology i.e.

o-WOT = pullback of B(H ® ¢*(N) under this map.

0-SOT = pullback of (B ® ¢™(N) under this map.

B(H)> T ~ |Tr(aT)|,a € (*(B(H)).

B(H) = L*(B(H))*,¥(a) € Tr(a).

o-WOT on B(H) agrees with the weak*-topology of B(H) (with this, we have compactness properties
on the unit ball).

Lemma 57. ¢ : B(H) — C linear. Then TFAE:

1. Ja € (*(B(H)) such that ¢(z) = Tr(az) Vo € B(H)).
9. ¢ is o-WOT.

3. ¢ is 0-SOT.

Proof. (1) = (2) = (3).
3 =1 Consider ¢ : B(H) — C, where B(H) C B(H ® ¢*(N).
(By the Hahn-Banach Theorem, we can extend this i.e.)
3 ¢: B(H ® (*(N) — C SOT continuous.
By the first lemma above, 3¢1,...&n, 71, ..., n)n € H ® (*(N) such that ¢(z) =Y | < &, m >.
Now, let
H ® (*(N) = HS(H, (*(N)
§ini — aib;

56



(where HS stands for the Hilbert-Schmidt operator).
Let a= 3" bfa; € {*(B(H)). Then,

i=1"1

Tr (ax) = Tr(za) = > < a;x,b; >2 . Since Trace is linear, we have the following

Tr(za) = Tr(z Z bla;)

Tr(zb'a;)

|

N
Il
-

<id® L(x)&,n; >

I

s
I
—

|
BN

x)

Corollary 57.1. ((B(H))1 (unit ball) is 0-WOT compact.

(i.e. agress with the weak® topology and Alaoglu’s theorem gets us htere).
Corollary 57.2. WOT, o-WOT agree on bounded sets.

Homework Proof of the corollary above.

14 Von Neumann Algebras

Definition 14.1 (Von Neumann Algebra). M C B(H) is called a VN algebra if 1 € M and M =
VT _ (MSOT) _

Definition 14.2. 1 € M C B(H) self-adjoint algebra is called a VN algebra iff JV ARy v A

M.

Notation A C B(H). Then, W*(A) = VN algebra generated by A = Naca M.
Corollary 57.3. (von Neumann bicommutant) Let a C B(H), x-subalgebra, then A” = A

Definition 14.3. S C B(H). Then, (commutant) S’ = {T € B(H)|Tx = 2T Yx € S}. We will denote
this by .

1. * is a subalgebra of B(H).
2. If S is self-adjoint then x is a *- sublagebra of B(H).
Lemma 58. S C B(H) is a slef adjoint st (S = S*), then S’ C B(H) is a VN algebra.

SOT

Proof. S’ is WOT-closed.
Fix x4 =« WOT ie. < z,€q,N0 >—< €0, Na > V€4, na € H.
(Here 24,z € 5.

Show [z,a] = za — ax = OVa € S (commutator). Fix ¢, € H.
Then, we have < [z,a)¢,n >= 0. Then,
<[z,al,n > =< (za — ax)&,n >
=< zxal,n > — < axf,n >
=< za&,n>— < z&a"n >
= lién < xqal,n > —lién < xzo€ a¥n >

=lim < zqaé,n > —lim < 2,&,a*n >)
«@ o

=lim(< zqpaé,n > — < axsé,n >)
«

=lim < xna — ax &, n >
«

=0
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Claim

Show

Lemma 59. 1 € A C B(H) self -adjoint (*-subalgebra)
V¢ e HVr € A”,3(r4)a C A such that

||zo€e — xe€|| = 0.
Show z. € A..

Proof. € € H. Take A¢ < H.

Hy=A{ < H.

p’ = Pp, is the orthogonal projection (Remarkable: Projection lines in bicommutant).
Let p € A. Then,

a(Ag) C Ag.

aHy C Hy. (Hy is an invariant space for a).

Pick z € Hy

plan) = an
pap(no) = ap(no) Vno € H
pap = ap foralla € A
= (pa™p)” = (a"p)"
pap* =pa  since p =p*

.. pa = pap = ap = pa = ap.
Let z € A”,p € A'. Then,

Tp = pr
xpl(ﬂ) = pz(n) € /Tf, where n € H
p(H) = A

x& € A€ since A has a unit

= (Za)a C A such that ||z — z,&|| — 0.

—SOT —SOT
A" D A= A DA

A c A0,
Fixze A=z € ZSOT.
Ve, .osén € H, (x0)a C A such that ||zo€ — x&]|| = 0, pi(xe —x) — n;).
Let H* = H ® H... ® H. Then,
—————

n times
B(H"™) = M, (B(H)).
a ... 0
AcEny={|° % Yuea
0 o
T o 0
zed * 0 ,t €A
0 2
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Ae A",

||2€ — I~a§~|| — 0, where £ =

&1
3

€
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3 December 2021 15  Borelian Functional Calculus

x € B(H),zz* = z*z.

A= C*(za*,1) = C*(z,1) C B(H) (Abelian C*- algebra).
Recall 7w : A — B(H) *-representation

3! spectral measure o(A) such that 7(z) = [T'(z) dE

o(A) o(x), we obtain an isomorphism

C(o(X)) ~ B(H)

dE
rf
B>(o(z))> f — fg(z) fdE € B(H), where f dE = f(x).
Vf € B®(|z]). Let f(z) = [, f dE. Here,

f(z)=z2= fo(x) tdE

Theorem 60 (Borelian Functional Calculus). Let A C B(H) be a VN Algebra and let € A normal.
Then, the functional calculus defined f +— f(x satisfies the following proposition:

(i) f— f(z) is a continuous unital z-homomorphism

(ii) Vf € B*(o(x)),0(f(x)) C f(o(x))

(iii) If f € C(o(x)), Borel calculus agrees in the continuous one.
Kg,00)(t) 12 €X(g,00) (1)

X(g00) () - T 2 €X(g,00) ()

Call X (¢ o0)(z) = €¢. Then,

zeefeg = x > e¢. On this algebra, this is invertible.

15.1 Take Home Exam

Let H be a separable Hilbert space and M C B(H) is an abelian VN algebra. Then show that M is
s-isomorphic to L> (X, u), X is a compact, metric space and yu is a Borel regular measure on X.
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16 Decomposition Into Types for VN Algebras

M C B(H),P(M)={pe Mp=p*>=p*},UM) = {u € Mluu* =u*u=1}

(pi)i € P(B(H)).

Definition 16.1 (“Smallest projection that dominates everything”). V;c;p; = smallest p € P(H)
such that p > p; Vi

Equivalently, this is the Proj lin span{p;(H)|i € I}

Definition 16.2 (“Largest projection that is smaller than everything”). A;crp; = largest p € P(B(H))
such that p < p; Vi

(= Proj NierpiH)

Proposition. If (p;); C P(M) = Nip; € M,V;p; € M.

p€P(B(H)),pe M= (M)

[p,y] =0 forally € M’ N B(H))

B(H) is invariant Yy € M.
Z(M)=MnM

M is a factor Z(M) =C1

p € P(M) is called a central p € Z(M)

Central support of p (that is in center such that when you multiply, it does not change) is the smallest
z(p) € Z(M) such that 0 C Z(p)

Theorem 61. p € M C B(H) z(p) = MpH

+(p) =Proj TpH € B(H)

pH C MpH

= pH C MpH — b < z (Range of 1 contained in range of z)
x(MpH) C MpH. Since it is continuous,

y(MpH) = (mpyH) C mPH (can move to closure)

6 December 2021 Recall, p € P(M),z(p) =central support and z(p) € Z(M) = M N M’ 5 C1 is the smallest project
z € Z(M) such that p < z.

Theorem 62. 2(p) = Py
»=MpH < H e Mn M.
z(p),1 € M. Then,

1-pH = MpH
p(H) = MpH

=p<z(p) < z(p) p=p
= pz(p)

Note that the range of a projection is closed. Then,
f<e < fHCeH < fe=ef=f

Proof. (Proof Idea) (=)

e =i
e(fn)=fnvneH
=ef(n)=fn)=ef=Ff
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(ef=1)
= (ef)”
= f*
—J
O
Show z < z(p) (By minimality, they have to be equal)
Proof. MpH = Mz(p)-H C Mz(p)H = z(p) .. z < z(p) (smallest project) O
Exercise
\/Sllp I/EB(H)UPU*Z([))
Theorem 63. Suppose M C B(H),p € P(M),p’ € P(M’). Then,
pMp = {paplz € M}
This is an algebra.
Proof. (Proof Idea)
pxp + pyp’ = p(xppy)p’. Hence, still an algebra. O

Now why is this a VN algebra?
Mp' = {zp'|z € M} C B(pH)
prp§ = prp(pf)
Theorem 64. The TFH:
(a)Mp' C B(p'(H)) is a VN algebra.
Compute commutant (Mp') = p’M'p’
(b)pMp C B(pH) is a VN algebra
(pMp)' = M'p
Corollary 64.1. Z(pMp) = Z(M)p, Z(Mp') = Z(M)p
(i) pMp N (pMp) = MpN Mp' (elements in form Z(m)p)
(ii) M'p C (pMp)’ For m'inM’
m'ppp = pprpm’
= pxpmp
Therefore, commutes.

Show (pMp) C M'p.

Since every element is a linear combination of 4 unitaries of (pMp)’, then it suffices to prove the
following:

Vu € U((pMp')), 3’ € U(M’) such that

U = Uup, pu = up.

62



Proof. Suppose x1,2a,..,x, € M, &1,&,..,&, € pH.
U*pxiz)jpu = U*pxia;pU.

Here U : pH — pH given by

Up : Up(p§) = U(p§)Up = p.

Define o : H — H. Then,

U = Z%’U&, §= Zwi&- € MpH
i=1

i=1

= 0@ = 1Y z:U&]?

i=1

= Z < l‘lUf“.’L‘jUfz >

4,J
=) <U'a)j*a;, U&L& >
4,J

= < UrpxjapU&;, &, >

i,
=I>_ =&l

pe P(M),M=M"
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[8 December 2021]

Proof. (2)pMP C B(pH) VN algebra, (pMp)' = M'p.

We need to show that U € (pMp)’ unitary, 3U € M’ such that U = Up
Let 1, ..,x, € M, &4, ..,&, € pH.

U:H— H.

U)=> xU& V6= w& € MpH

i=1 i=1

Last time, [[7(£)|| = [[$|[V€ € MpH = Ran(Z(p)).
U(0) =0 V1, € MpH "
Initial support of i = final support of u = MpH.

Up=U,Ue M.

M=M-1
=M(z+(1—-2))
=Mz+ M(1-2)

Ifye M(1—2),Ucy=U(-2)y
W=U=Uz=Uz(1-—2)y=0=Uy=0.
Similarly, yU = 0.

Let ye Mz;z € M,x§ € MpH. Then,

= y(zuf)
= yU(x¢)
<— Uyz=yUz
Uy =gu

Show VN Algebra

(pMp)” = pMp.

x € (pMp)'. f y € M’, then py = yp € M'p = (pMp)'.
zy = z(py) = (py)z = (yp)x = y(pz) = yz.

(M) = M = pMp = z € (M") = M.

p,& € P(M),p < q (subequivalent).

Definition 16.3. 3 v € M partial isometry such that v*v = p and vv* < ¢

Two projections equivalent if partial isometry.
Theorem 65. (1)p ~p
2p=<qgq<r=p=<r
Bp=<ga=<p=1p~q

(Cantor-Bernstein Theorem)
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[10 December 2021] p,q € P(M),p ~ ¢ (von Neumann equivlance)
= Jv € M such that v*v = p,vv* =¢

Theorem 66. ~ is an equivalence relation

Proof. p ~q=v*v=p,ov* =¢q
= 0" (vx)" ==q~p= (v")*(v")

p < q if p ~g, where go < g¢.
Theorem 67. This is .
p X g, ¢ Xp=p~ q (Generalization of C-B).

17 Connection to Cantor-Bernstein

Let S, .55 be two sets.

Form ¢2(S1),¢?(S2), each Hilbert space.

¢1 : S1 — Sy injection ~ Ppag1 o< Ppge2

@2 : So — Sy injection ~» Pprg2 o< Ppg,

By generalization, Ppeg, ~ Pprg: < dim(¢25;) = dim({?Sy)) <= [S1| =|Sa.

Lemma 68. Let M VN algebra.

(1) If p,q € P(M).

Then, p ~ g~ U : pMp — EME *- isomorphic given by ¥(x) = vav*.
v*v = p,vv* = &, Then,

§(p) = vpv* = (vv) o (vv)* = qn = 1.

Proof. (1) xy € pMp.

U(z) - U(y) = vav vyv™
= vapyv”
= vryv*
= vryv*
= V(ay)

Proof. (2)

Suppose {p;},{¢:} € P(M)

pi~ q; Vi

pi-pj =0(L) = ¢iq; =0 for i, j # 0.
= 2P~ 24

Proof. 3)p~q,z€ P(Z(M)) <= pz~qz
(v2)*(v2) = 2v*vz = v*vz = vvz = Pz
Lemma 69. p,q € P(M), M VN algebra. Then TFAE

(1)3pMgq # {0}
(2)30 # p1 < p,0 # ¢1 < 1 such that p; ~ 23

€ pZ(§) # 0.
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Proof. (2) = (1)

pl<p

30 # v € M partial isometry of v*v = p; = p,vv* =¢ < q.
pv* = pv*(vv*) = pvov*q = pv*q =C pMgq

Proof. (1) = (2)
dx e pMq=

T = pyq
prq = P°yq’*
= pyq

Now let us look at (1) and (3)
pMq# {0}, z € M, € H.
p(xq€) = 0. Take Mgh = H (Hilbert subspace).

pzq # 0.

Proof. Suppose pMq = 0. Then,

pn=0Vne MqgH < H pz(q)

z(p)§ =0
2(¢)(z(p)(§))) =0
= 2(q)2(p) =0

(<)
2(p) - 2(q) = 0 = prq = pz(p)rq = prz(p)2(q) = pr =0

Theorem 70 (Comparison Theorem). p,q € My, M VN algebra.

Jdz € Z(M) such that pz < gz and ¢(1 — 2) < p(1 — 2)
S.p=<qofqg=<p.

Proof. (Maximality argument)

{pi}tier, {gi} such that

pip; = 0,q;q; = 0. Then,

PLZp~q=q.

pPl=37pi~ @4 <4q

=p2=p=plg=q = q.
pz=(p1+p2)z=p12+p2z~ @z < @z + @z =gz
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18 Type Classification

2nd Semester 19 January 2022

18.1 Type of projections
Definition 18.1. p € P(M) = {p € M|p = p? = p*}

1. pis minimal if f¥g <p= ¢ =0 <= pMp = Cp (minimal projection)
2. pis abelian <= pMp is abelian vN algebra.
3. pis finite <= Vg <pif ¢ ~ p = g = p. (Cannot be subequivalent)

4. pis semifinite <= p =3 Pa,Pa is finite (Sum of projections. if sum finite p is finite, but could also
be infinite)

5. 0 # p is purely infinite <= Aq < p such that ¢ is finite.

6. 0 # p is properly infinite <= V0 # z € Z(M), pz is not finite.

18.2 Observations

Minimal = abelian (since if pMp is trivial, then it is abelian).

(¢ € p. Then, q € pgp. There is a partial isometry w € pMp uch that w*w € p, ww* = p.)
Summary 1. minimal = abelian = finite = semifiite = not purely infinite.

2. infinite = properly infinite.

Now we want to move from projections to algebra (Ex: M is isometry = 1 € M is isometry).
3. M is finite = (v*v =1 <= vv* = 1) (i.e. every isometry is a unitary).

4. B(H) (algebra) is finite <= H is finite dimensional (i.e. it is a matrix algebra). It is also Type I as
we will see.

4b. Otherwise B(H) is semifinite if 1 =) [C&,], (§a)acr € H ONB.
(Prototype of minimal)

[] is orthogonal projection on this space. If Hy < H, then [H] = Pp,.

18.3 Lemmas

Proposition. M vN algebra, {p}o C P(M) centrally orthogonal (2(pa)z(pg) = 0 Va # 3)

Let p=3"_Pa
If p, are abelian for VYo (resp. finite) = p is abelian (resp. finite)

(If you take supremum, this is not generally true. Counter example -; infinite dimensional matrix).

Proof. (Abelian Case)
Po abelian, then pMp,, is an abelian algebra Va. Show pMp is abelian.

For x,y € M, show that (pzp)(pyp) = (pyp)(prp).
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(pzp)(PYp) = Y PaiPalyPa

(a3
PaPPYPs = PaZ(Pa)p - PYZ(P8)P3
= pa 2(paz(ps) TPPYPS
——
=0 when a#p

Note po = pa * 2(pa) (since it is central and you multiply by something bigger, it does not change).
Hence we have

(pxp)(pyp) = _ PaPYPatpha

[e%

=Y PatPayPa

«

=" Parpiypa

[e3%

= Z PaZPaPo¥yYPa

[e3%

= Z Pa¥YPaPaTPa

«
= Z Pa¥yYPaTPa

= pyp - pxp

Proof. (Finite Case)
Assume p,, is finite Va = p is finite.

Assume p is subequivalent i.e. Ip ~ z < p (Note,we have a partial isometry uu* = p, u*u = p, uu* < p).
Show that uu* = q.

Look at u*u = p. Fix « € I. Multiply on left/right by central support.

uu=p
= 2(pa)u"uz(pa) = 2(Pa)Pz(Pa)

2(pa) - (D psz(pa)
5

= 2(pa)paz(Pa)
= Pa
= 2(Pa) v uz(pa)
h i
= uz(pa)z(pa)u” = z(pa)uu”z(pa)
< 2(pa)PZ(pa)

Hence we have uz(pq)u* = p,, Va (since finite ) O
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Consequences
wu® = uz(p)u* = uz 2(pa)u* = Zuz(pa)u* = Zpa =p ( from above)
« « (0%

uvu=p < up=u=pu

uu® <p <= wu*p=uu" = puu”*

u=p-|z(p)
uz(p) = upz(p) = up =u

Proposition. Let M be a vN algebra and let p € P(M) is finite. Then, every ¢ < p is also finite (purely
infinite).

Proof. (2 Cases)
q < p <= dpg < p such that g ~ pg.

(i) Assume pg < p and Ju € M such that u*u = pg, uu* < pg =7uu* = p (equivalent to a subprojec-
tion).

consider w = u+p = pg (Not immediately obvious that this is a partial isometry, so we need to check)
w*w = po + (p — po) = p.
Note up = u = pu still holds true. Here upg = u = pou.

ww” = (u+p—po)(u+p—po)*
= (u+p—po)(u” +p— po)
= uu* +u(p — po) + (p — po)u” + (p — po)*
< p+upo(p—po) + (P — po)pou” +p — po
<pop—po=p (Equality since p finite)
The equality will happe iff uu* = pg, which is exactly what we needed.

The middle terms cancel because projections are orthogonal. O
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21 January 2022

18.4 Geometry of Projections

Type III is the building block for everything.
(Continued from last time).
Proposition. M C B(H) vN algebra.

0 # p,q € P(M) such that p < ¢. If ¢ is finite (respectively purely infinite), then p is also finite
(respectively purely infinite)

Proof. (Left from Last time).
p ~ q = p is finite.
Since p ~ ¢ = Jv € M partial isometry such that v*v = p,vv* = q.
Suppose v*u = p and vu* < p = Show uu™ = p.
(From last time, with this assumption, we have) up = pu = w.
Now look at
(vuv™)* (vuv™) = vu* v vuv®
= vu uv®
= vpv”*
=v(v*v)v*
=4q-9
=4q

On the other hand, look at

(vuv™) (vuv™)* = vuv*vu*v*

vupuv*
= vuu*v*
< vpv*
=q
Since ¢ is assumed to be finite = vzv* (vuv*)* = ¢ = vuu*v* = vpv* = wu* = p. O

Proposition. Let p € P(M).

Then, p is semifinite <= p = V;crp; when p; are finite. In particular, if p; are semifinite = V;p; is
semifinite.

Proof. Since p is semifinite = p = > ., p;, p; are finite, p; L p; Vi # j.

Then, p = Vicrp; (supremum) O
Proof. Assume that p = V;erp;,p; are finite (supremum) [i.e. at least one projection is finite =
nonempty for the set below = by Zorn Lemma, can reorder and find a maximum]

(Maximality argument) Let {g;};cs be a maximal family of finite pairwise orthogonal projections,
g; < p (by Zorn’s Lemma)

Consider the difference (show it is 0):

Q=P cs

(=aqLaqgVieJqg<p)

If go # 0, it follows that 3 jo € J such that pj, - go # 0.

Then the central support is not perpendicular, i.e. z(p;,)-2(q0) # 0= 3go < qo, Go < pj, (by Lemma)
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Analogy

However, we know that pj, is finite = ¢ is finite means that gy < qo if go < go < p means you are
perpendicular to all ¢;’s (mutually orthogonal) i.e.

Can construct the set {g;} U {¢o} forms a family of mutually orthogonal finite subprojections of p,
which contradicts the maximality of {¢;};cs (since assume gy # 0).

Thusq0:O$p:Zj€qu. O
Corollary 70.1. M C B(H) vN algebra.
Let p € P(M). Then p is semifinite = z(p) is semifinite.

Proof. (Central support)

Homework:

Hint: p ~ g = p =v'v,q = vv*, (¢ < z(p))’

p~q=q=z(p) = Voupq < 2(p)

(The other way: subequivalent means it lives inside of it. Equivalent means lives under the support).
Take a partial isometry p = v*v,q = vv*,¢H = vv*(H) C vH € MvH = Mvv*vH C Mv = MpH =
z(p)

2(p) = Vgrpd = Varp(Vierdi) = Vg,

p =semifinite = p = V,;p; (anything equivalent to it is semifinite as well) O

Proposition. p,q € P(M) such that p < ¢. If ¢ is semifinite = p is semifinite.

Proof. p < q=z(p) < z(q). (HOMEWORK)

p<2(p) <2(q) = p<z(q).

We only need to prove our statement for p < g € Z(M) (in the center).
p<zeZ(M).

(Maximality argument) Let pg = V;erp; where p; < p,p; is finite.

Since ¢ is semifinite, then ¢ = Vg; where ¢; < ¢, ¢; finite.

Take p — pp (subprojects of p that will not have any subprojections).

Then, its central support z(p — po) < ¢ = 2(q) (since p —po < p < q)
=Ifp—po#0, 30 # §o < q,do < p — po, which contradicts the definition of pq.
Thus p — po = 0 = p = VicI p,<p,p:finitePi = P semifinite. O
Theorem 71. ¥ p,q € M finite projections = p V ¢ is finite.

(Kaplanksi Formula) - Relationship between supremum and infimum.

p,q € P(M)=pVqg—p~q—pAq (if Abelian, we have equality).

(like inclusion/exclusion principle for 2 sets or measure theory)

m(AU B) =m(A) + m(B) —m(AN B)

m(AUB) —m(A) = m(B) —m(AN B)

m((AUuB) — A) =m(B — (AN B))

(Can also think combinatorially)
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Theorem 72. Le M be a vN algebra.

e,f € P(M). If e, f are finite = e V f is finite (bunch of finite projections supremum here is finite. V
Smallest projection that dominates both of them i.e. h > e, f).

Lemma 73. Let M C B(H) be a purely infinite vN algebra. Then 3p € P(M) such that p ~ 1—p ~ 1.

(Comes from Physics)

Proof. 1 is purely infinite (i.e. does not have finite subprojections so there is a subprojection that is
equivalent) = Fu, a partial isometry in M such that v € M,vu* < 1,uu* = 1.

uu” Po
1

e<— o

In other words we have,

*

po=1—uu

p1 = upou”
p2 = upru”
_ u2p0(u*)2

= pn =u"po(u”)",  {pnln € N}

These are mutually orthogonal equivalent projections.
Let {¢;}; be a maximal family of pairwise orthogonal equivalent projections containing {p,|n € N}
(such a family does exist by Zorn’s Lemma)

We now try to use comparison as follows (up to something in the center, we can compare them).

g =—1-— Z q¢; (There can still be complement)
iel
Fix qo, ¢i,- Then by Comparison theorem, 3z € Z(M) such that gz < g,z and ¢;, (1—2)— =< go(1—2).
If z=0= gi, < g0 = Would contradict maximality of {g¢;};
Thus z # 0. Then,

(Infinite family of pairwise orthogonal equivalent projection. Pull out a term - still infinite (still in
bijection)).

(Inequality follows from) Consider ¢ : I — I — {iy} with the mapping ¢;z — gy,2.

So we have shown that ¢ < >, ¢iz, ) giz. Then, by Cantor-Bernstein,  ;_; qiz ~ z. O
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Proof. Now part 2 of the proof (split the infinte set in two).
I = Il |_|IQ such that |I| = |11‘ = ‘IQ|

PZZ%Z

el
= E qiz ~ E qiz ~ E qiz
i€l i€l, iel

p~z—pr~z

If z =1, we are done.
(Fact that we use above: If a; ~ b; and they are all mutually orthogonal then, > a; ~ > b;).

Let {r;}; be a maximal family of centrally orthogonal projection (i.e. their centers are mutually
orthogonal) such that r; ~ z(r;) ~ z(r;) —r; (each equivalent to its central support and complement)

(Note: TF >, 2(rj) # 1, then we can take the complement and repeat the process - “cut corners”) [
Lemma 74 (Kaplanaski). Let M C B(H) vN algebra where p,q € P(M). Then,
PVg—p~q—pAg
In an abelian vV algebra, infinum p A ¢ = p - q. Then,
pPVqg—q=p—p-q
pVg=pt+q-—p

(Cardinality of union is the cardinality of first plus cardinality of second minus cardinality of intersec-
tion. Similar to measure theory).

Notation Recall: P = [2*H]

Proof.

pPVg—q~p—pAgq
Py =[2"H| ~ [zH],

where z = (1 —p) - q.
Can show that ker(x) = ker(q) @ (¢H NpH). Then, by Rank-Nullity Theorem,

=1-(1-q+qAp)
=q—qAp

Pr=01-p)-1-p)A(1-9q)
=1l-p-(1-pVvyg)
=pVgqg—p
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Theorem 75. M C B(H) vN algebra.
Let p,q € P(M) such that p, q are finite . Then p V ¢ is finite.

Recall
Lemma 76. Let M C B(H) vN algebra properly infinite.
Jr e P(M) such that r ~ 1 —r ~ 1.

Kaplanski M C B(H) vN algebra.
Vp,q € P(M), we have pVg—p~qg—pAgq.

Proof.
pVqg=pVqg—p+p

=q¢—pAq (by Kaplanski formula)
<q

WLOG, we can assume p L q. (i.e. p-q=0).

pVqg=p+q (finite)
= =p@+aMp+q)

WLOG we can assume p + g = 1.

(Just showed that if we have two finite orthogonal projection, then the sum is finite).
(Now, ensure that infinite parts are prevented).

Let z0 = V¢ Z(M) finite Z (supremum of centrally orthogonal projections) by prior lemma.
If zo = 1, we are done (maximal finite projection if this case happens).

If zg # 1, can excise as follows. Let 0 # 1 — zp and consider (1 — zg)p and (1 — zp)g. So thus zy = 0.
Assume by contradiction that zg = 0.

Proof Begins Here Assume by contradiction:

(a)pLg, () p+q=1, (c) 2o = 0= properly infinite, (d) p, ¢finite.

By (c) and Lemma 1 today = 3r € P(M) such that r ~ (1 —r) ~ 1.

Consider, pAr and g A (1 —r) € P(M). Now by Comparison Theorem,

Jdz € Z(M) such that

zr~z(l—r)~z
= (2p) A (ar) = z(pA)
2z(gA(1=1))
= (zq) A (2(1—1))

Now we use the Kaplanski formula on zr as follows:

r—pAr+pAT)
r—pAr)+z(pAr)
pVr—p)+z(gN(1—r)) =72
pVr—p+qgA(l—r))

2r =

o~ o~ o~ o~
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We need to show the = zq part. (Now here is the catch...)

Formula: eV f =1—(1—¢)A(1— f). (algebraic trick to go between infimum and supremum). Proof
continued:

zr=z(pVr—p+ (1 —p A(1—-r1))
=z1-1-pA(1l=r)—p+(1—-p)A(l—=7r)) (by formula above)
=2z(1-p)
= zq

.. zr is finite = 2zr ~ z = z is finite also. We have found a finite central projection but since M is
properly infinite = z = 0.

=gA(1—=7r)<pAr (plugin z =0 in the first equation above).
(This will lead to subequivalent below, which will help us get the contradiction).
Now consider the following:
l-r=Q-r—-0Q-71)Ag)+(1—-7)Agq
<=(1-=r)Vg—qg+pAr (by Kaplanski)
=(1-r)v(d-p)—A-p)+pAr
=1—-rAp—(1—-p)+pAr (by the infimum-supremum formula)
=D
Hence we have 1 — r < p.

p finite = 1 — r finite but then 1 — r ~ r ~ 1. Contradiction. O

Note Infinite supremum might not be finite (for finite set, can do an inductive argument, but not in infinite
case).

Corollary 76.1. Suppose M C B(H) vN algebra.
Let p,q € P(M) be finite projections. Then, if
p~q]= (1-p)w~(1-q)

(v, w) respective isometries.

In particular, 3 u € U(M) such that p = uqu*.

U=7v-+w
wu = (v+w)(v+w)”
= (v+w)(v* +w")

'U*’U:p,'l)?)* =gq,1 —p:UJ*’w,l —q:ww*. Then,

= vv* +vw* +wv* + ww*
=g+ovv'v ww w +w ww viv +1—
q N~ —~ q
p 1—-p=0 1—-p=0 p
=1

uqu® = (v+ w)q(v* + w*)
viquw + w*qu + v qw + w¥qu

v v v + wrwwg
=p+1—q+0
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pVqMpV q. M is finite (if not, 1 —pV q)
p~q=pVqg—p~pVg—g
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28 Jan 2022 Recall from last time,
V p,q € P(M) finite and M C B(H) vN algebra = pV ¢ is finite.
Corollary 76.2. M C B(H) vN algebra. Then, Vp,q € P(M) finiteif p ~¢g=1-p~1—-¢q. In
particular, Ju € U (M) such that upu* = q.
Generic idea: Y p;=1,>"¢; = 1,p; ~ ¢; = Ju € Mupu* =3, (add both the partial isometries).
Ezample 77. Consider B(H) such that dim¢(H) = cc.
{&}ier € H ONB.
span {¢li # j} = K.
p= Pk
{& : i # j},{&]i € I} (There is a bjiection)
Example 78. (If infinite, corollary not true) Consider B(¢*(N)).
Now look at the map:

Vi *(N) — ¢*(N)
V . (6z) = 51+I

VvV = ]., VV* = PI‘szz(Ni{l}).
Then, 1~ PI’Ojg2(N_1)

Proof. p~qg=1—-—p~1—gq.
By the theorem, p, ¢ finite = the supremum, p V ¢ is finite.

pVgMpVqg=rMr  (finite vN algebra )
l-p=1-r4+r—p
l-g=1—-r+7r—g

Lemma 79. If two families of projections equivalent i.e.

{pi}i.{ai} € P(M).

pi Lpj Vi#35,& LEiVi#jG Y v

Upi~aqi Vi= D icrpi~ s

Based on the lemma, all we really need to show is that r —p ~r —q.

Note that p,q € rMr (finite since r is a finite projection). p ~ ¢ (in rMr).
Show: r—p~1r—gq.

Therefore, WLOG assume r = 1.

Working Assumption: (i) p,q € M (finite), (ii) p ~ g¢. Now, by Comparison,

Jz € Z(M) such that (1 —p)z 2 (1 —¢g)z and (1 —¢)(1 —2) < (1 —p)(1 — z). Need to show that these
subequivalences are actually equivalences.

(1-pz~pr<(1—=¢q)zand (1 —¢q)(1 —2) ~p2 < (1 —pl—2)

Note*: Discussions For the calculations below:

z=(1-p)z+pz

~p1+qz
2(1-qz+qz
=z

= 2z=xz
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Now consider
l—2=01-q@(1—-2)+q(1-2)
~p2+p(l—=2)

<(@=-p)1—-2)+p(l-2)
=1—=z

z,1 — z finite, then subequivalent needs to be equivalent.

Hence, the subequivalneces above become equivalences. O

Definition 18.2 (Countably Decomposable). V family of mutually orthogonal projections is at most
countable.

Exercise p < g = z(p) < z(q).
Let M C B(H) be countably decomposable. If p, ¢ are properly infinite and z(p) < z(¢) = p < q.

Corollary 79.1. If M is countably decomposable properly infinite factors. Then, any two nonzero
projections are equivalent.

19 Type Decomposition/Classification

M C B(H) vN algebra is

Definition 19.1 (Type I). if every nonzero projection has an abelian subprojection.

Ezample 80. B(H) is Type L

Subtypes (one finite Iy, one infinite 1)

Definition 19.2 (Type II). if it is semifinite and there are no nonzero abelian subprojections.
Definition 19.3 (Type IIy). if M is finite

Definition 19.4. Type Il if M is properly infinite

Definition 19.5 (Type III ). if M has no finite projections.

Theorem 81. Let M C B(H) vN. Then 3! pr, pi1,, pri.,, pir € Z(M) such that pr+prr, +pr., +pm = 1.

M - pry is type I, Mpr is type 1.
Mpry, is type I, Mpir is type II1

Proof. pr = VpeP(M),pabelianp = VpeP(M),p abelian WU = u(\/ p)u* = upru”. Then,
upr = pru = apr = pixz Vo € M, p1 € Z(M).

Mpr > p.

0 # p < pr dpg € M abelian such that ppy # 0

= z(p)z(po) # 0. Then, by comparison,

3 qo < p,q1 < po such that gy ~ g1. Abelianess is preserved.

Hence, the algebra is abelian. O
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31 Jan 2022
Theorem 82. Let M C B(H) vN algebra. Then 3: pr,prr,, prr.., pir € Z(M) such that
p1 + pir, + pr., +pir = 1 and
Mpy is type L
Mp
Corollary 82.1. ¥V M C B(H) a factor is either type I or type II; or type IIor type III.
Theorem 83. M C B(H) type I factor. Then, 3 K Hilbert space.
M = B(K),dim,(K) =n = M = M,(C).

Proof. (Idea: Take supremum of all abelian projections)
P1=V.epn? € Z(M), where z are abelian projections.

Now consider 1 — p; has no abelian subprojections.

P, = Vae<i—p, 2 € Z(M), where z central, finite (if none exist, put 0).
Therefore, prr, finite projection.

Now let prr., <1 — pr — pir, be defined as pr1_, = Vper(M)P finite such that p <1 — p; — pry, . (closed
under conjugacy).

Since p is finite,
= (finite) upu® < u(l — pr — pry, )u™
= (1 —pr — p, Juu”
=1—p1—pu,
(Above follows since a < b = zaz* < zbz*. Then, we have
Pl = VpeP(M)P
= Vupu *

= Vueu(M),peP(M)UPIT, U"

(After some calculations, we get) = 1 — pr — prr,) — P, = pi O

1 —p1 —pmy) — P, =P
1=p1+ pm,) + P + o
1=gq;+qn + i, + gpm

Mprr, Mg purely infinite. Then,

qu-p1 =0
g - pi, =0
g - pr,, = 0

= qur = qu - 1
= qui(p1 + py) + P, + pm)
= quipI

P > qur, Reversing the roles of prir and grr, we get prir = g

Now consider (pr, + pir..) - ¢1 = 0 (living under ¢; means there is some abelian part).
= pm, + D, = g, + g, = P1 = qr.

Note*: Focus will be on Type II.

(Last semester, if you compresss a vV algebra, it is still a vV algebra).
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Proposition. M C B(H) vN algebra.

Let p e P(M),q € P(M') (commutant).

pMpq is a vN algebra. Then, consider its commutant:

(pMpq)' N B(pgH) = ¢M'qp

Z(M) = C so is pMpq.

Theorem 84. M C B(H) vN.

p€ P(M),q € P(M').

If M is type I or has no nonzero abelian projections, then so is pMpq is type I or has no nonzero
abelian projection (i.e. type is preserved by the compression).

Similar for semifinite.

Theorem 85. M C B(H) vN algebra.

M is of type I <= M’ is type I. M is of type I <= M’ is type II. M is type IIl <= M’ is type
I11.

Definition 19.6. M C B(H), ¢ € H is called a cyclic vector = M& = HY M P(M') D pe =
Prg = [M¢] € P(M)

pg = Pype = [M'€] € P(M) (orthogonal projection)

(Notion of cyclic vectors and irreducibility in this theorem)

Theorem 86 (BT Theorem von Neumann). Let M C B(H) vN algebra with cyclic vector { € H.
Then, for each element, V n € H, 3z,y € M,z > 0 and 144mme € H (vector in range of x)

Such that 1, =&, yl, =n.

2ly =¢=1, =2 yl, =
n=yx ¢ (BT)
Mé=H

(*Note: There may be typos in the day above)
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2 February 2022 Recall the BT Theorem.
Let M C B(H) vN algebra, ¢ € H such that M¢ = H.
Then, Vn € H, there exist z,y € M,z > 0,( € x(H) such that
2¢ =& yC = 1.
if z71 3¢ =a271¢
yr~'& = (by BT)
(B - Bounded, T - affiliated - does not live in the algebra)

Proof. WLOG, assume |[£]|,||n]| < 1. Because M¢ = H (can be approximated - have to work in a
series).

neH.
Vo € N, dz; operators inM, i = 1,...,n such that

n
1
— ; — vy
=3l < 4o 0
[In —z:&]| < (do this repeatedly)

[In — 21§ — 22€]| <

N N

Define the following operator (sequence of increasing positive operators)

n
yn =14 A xiz, 1<y, < yogaWn
=1

Zn = yrl/ 2 vn
nggilgzglglwl
N\ (Weirstrauss Thm, decreasing SOT limit)

Note that this is because:

lgyngyn—i-l
=y, <yt <1

1/2
n+1

1< 2, < 21
0< 2z, <z,' <1

1<yl/?<y
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{zn&}nen C H is bounded. Then,

||Zn£||2 =< ZTL§7ZTL€ >
=< z26,6>
=< yng,g >
=< (144" afw)6, & >

i=1

n
=<EE> AN Y <ajmig &>

1—=1
= |2+ 4™ |zl
=1
n
<14+4") ||lwag]?

i=1
n

<1447 47
i=1

1
<1+4+4"—3
<1+ i

= [zl <2 Vn

Note the second to last line follows because:

1
el < o
=S wel < L
=1 ' B 4"

n+1

i=1

4 n1
eniéll = =3 2:6) — (= 28|
i=1 i=1

< 1 n 1 < 1
— 4n 4n+1 — 2n
1
€l < 5

3¢ € H a cluster point (subsequence argument).
Assume that z,£ — ¢ (weak convergence).

Now we prove the main part:

¢ =¢
<~ xz(—£=0
= <r(—&E>=0 YV CH

We need to prove this last line.
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<= Ve>0suchthat | <az(—& & > | <e.

| <2C—& & >=<a(— 22§ + 2228 — & &0 >

S| <a(C—2n8) 60 > [+ ] <zzal — & & >

= | < (—zp€, 28| +] < z20§ — &, 60 > |

—é_/

<e+|<z2€—E& & >

=e+| <zpé x> — <& & > |
e+ <z, (w80 — 2, 6o + 2, o) > — < & & > |
€+ |2 xbo — 2,180 > |+ | < 2,2, 60 > — < £,6 > | (triangle inequality)
e+ ||znelllle€n — 2, 6ol + | < & 2nzg 20 > —ME, & > |

=0

IANIN

<€+ 2

We have used the following facts:

l.<zp(—&a>>0Vae H= | <z (—& x> <e CEH

22, \ew, |z 6o — 2ol < € VY>>

.., we have shown that ¢ = £&. Now we need to get to our y.

Let us look at the following;:

0 <z Maiezt <z,'(1+ Z4ixizi)z;1
i

—1 —1
Zn 22z, =1

<1

{z; M4 w20 tn>1. As n — 0o, we have 4'zx;r12 = ||4'wx;2;2|] < 1 (strong norm)

= 2¢||z;2;]|? < 1. Then, we have

IN

1
1

izl < 5 Vi

n
Z iz =1y >0.
i=1

1252

N

is convergent.

yC = (X aiw)( = Y wa¢ = 372w = 1)
Can check that ker(y) < ker(x). Can replace ( <= zH( O
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4 February 2021

Recall M C B(H) vN. [M¢] =1) <= M¢ = H (cyclic).

VneH, dx,ye M,z > 0.

¢ € zH such that 2¢ = &,y = 1.
Theorem 87. M C B(H) vN algebra.
Vv &,m € H, the following holds:

[ME] 2par [Mn)] <= [M'¢] 2pr [M'n).
[ME] = Prre

Lemma 88. Supose that M C B(H) vN algebra. Suppose that we have two cyclic projections &, € H
ie. [ME =[Mn] =1

= [ME] ~ar [M7)]

Proof. (Idea: Use BT Theorem to understand, can relate ¢ and )

(Part I of the Proof) Using BT Theorem (for £,7), one can find 3 x, yinM,x > 0,( € xH such that
¢ =& yC =1.

Claim: [M'¢] ~ [M'(] ~ [M'n]

Let us call [M'(] = p (projection in M).

Know: (i) ¢ € zH., (ii) p¢ = ¢.

= ( € prH (since p(xH) € pzH).

Therefore, p < [M'pzH] < [pxH] < [pH] = p (absorbed in H).

= p = [pzH] (Then we use ideas from Polar Decomposition Theorem)

p = [prH|
~ [(pz)"H]
= [2"p"H]
= [zpH]
=[zM'¢]  (they commute)
= [M'z(]
= [M'¢]
M) ~ (M.
(Part 2 of the Proof)

[M'n] = [M"y(]
= [yM'(]
= [ypH]
~ [(yp)" H]
= [pyH|
< [pH]
=D

At this point, we have subequivalence i.e. [M'n] < p ( we need equivalence).
We also have [M({ ~ p| = [M'n] < [M'E].
Reversing the role of £ and 7, we get [M'¢] < [M'n]. Hence the conclusion holds by C-B. O
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Lemma 89. M C B(H) vN algebra. Assume V £, € H vectors, we have that [M'§] ~ [M'n] <—
[ME] ~ [Mn].

Proof. [M'¢] < [M'n] = [M'¢] ~ p < [M'n]

Fact: p = [M’pn] (sub-projection of a cyclic projection is cyclic)

[M'] ~ [M'pn] <= [M(] ~ [Mpn)]
[Mpn] < [Mn]  (since p is an element of M = Mp contained inM)
= [M¢] = [Mn)]

(Real proof begins here) Assume

Explanation for line 2: Since v partial isometry, M'vé = v(ME)

Allows us to work with v¢ instead of £ (reduction). We can assume [M’E] = [M'n] = po. (It is better
to cut something that is central).

Let z = z([M'€]) € Z(M) be the central support. Then,

z=[MM'] = [M'Mn] = [MM'E]
= [MpoH]

In the Mz algebra, we can assume WLOG that [M¢], [Mn] such that [M’'E] = [M'n] = po have central
support z. Can assume central support is the unit, 1.

Want to show they are equivalent. In particular,

T+ TP
M’ — M’z (isomorphism)

[ME] ~ [Mn]
= [M¢&]po ~ [Mn]po
po&  pon

(cyclic vectors M'pg). O

Theorems coming up
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7 Feb 2022
Recall

Proposition. Let £,n € H. Then,

[ME] < [Mn) = [M'¢] < [M"n).

Proposition. Let M C B(H) countably decomposably.

If e, f € P(M) properly infinite. Then,

z(p) < z2(g) =p=q

Proposition. Let M C B(H) be an abelian v N algebra that admits cylic, separating vecor = M = M’.
Theorem 90. Suppose M C B(H) vN algebra.

Let £ € H with [M¢] = [M'¢] = 1.

If M is finite, then M’ is finite. (Note: Type is preserved under commutant, subtype is not).

Note that any vN algebra can be written as a direct sum of Type I + Type II + Type III.

Proof. Let ¢ € P(M') a maximal central projection. Then, M’q is finite.

If ¢ = 1, we are done. If not, consider the complement and note it is properly infinite.
Assume WLOG, M is finite while M’ is properly infinite.

If M is abelian.

[Side Note: M(1 —q) C B((1—q)H) = [M(1 — q)§]? = (1 — q)H. Then,

(M(1-q)¢]?7=(1-qH
[(1—q)ME] = (1 — q) (M¢)
——

=(1-o9H
)

The M also has a cyclic separating vector = M = M’ (Abelian algebra cannot be properly infinite.
Hence, this is a contradiction).

(Any algebra commute with its central support, then it is Abelian)

Since M not abelian = Jp € P(M) such that p < z(p) = 1.

Let r = [Mp€] € M'. Since M’ (properly infinite) has a separating vector.

Exercie: M’ is countably decomposable.

M C B(H),¢ € H,q = sup of all projection, ¢¢ =0 = sup = 0 = 1 — ¢ is countable.
Consider r < z(r) (Central support same). By Prop 2, we have r ~ z(r).

Note, H = closure of ME.

r~ z(r) =[M'rH]
= [M'Mp¢]
— [MpM'¢]
= [MpH]
= 2(p)
=1

Now, we have shown that r = [Mp{] ~ 1 = [M¢] (cyclic vector by assumption).
By Prop 1 = [M'p€] ~ [M'€] = 1= p = [pM'zi].
Contradiction = M is finite. O
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Theorem 91. M C B(H) vN algbra. Then,
M is type I <= M’ is type I (respectively for Type II, I1I).

We only need to show = implication.

Proof. Assume by way of contradiction that M is type I while M’ is not type L

dg € Z(M) such that Mq has no abelian subprojection.

WLOG assume M is type I while M’ has no abelian subprojections.

Pick p € M an abelian projection = pMp = z(M)p is abelian. Now we define two projections:
(i) e = [pMpg] € M'p, (ii) ¢ — [pMp'€] € pMp (e is contained in g.

Now look at ge€ € geH (this is a cyclic separating projection for ¢Mge). [Recall, earlier we had to
partition H with cyclic separating vectors in each space. Similar here]

qgMge = (¢gMge) = eM’eq. (If algebra is certain type that corner, pMp is also same type).
Hence, contradiction.

For Type II, same argument as before. The only difference is that we will replace Abelian projections
by finite projections.

For Type III, negation.
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9 February 2022
Theorem 92. Let M C B(H) vN algebra.
Then M is finite <= 3 a faithful normal tracial central state.
Definition 19.7. A map ® : M — Z(M) is a called a faithful normal tracial central state if the
following hold:
1. ®(z*z) >0 V z € M (positive operator)
2. O(zx) =2P(x)Vz € Z(M), z €M
2b. ®(1) = @|z(p) = Id (unital)

3. @ is normal (® of the sum is summable. A form of continuity. Convergence preserves the W-
convergence)

4. d(z*z) =0 < z =0 (faithful)
5. ®(xy) = ®(yz) Yo,y € M.

(If we drop 5, this is conditional expectation).

Proof. <
dp P(M) such that p ~, 1 = v*v = p,vv* = 1.

Consider 1 — p > 0. Since this is a positive operator, we have

O(1 —p) = D(vv* — v*v)

= ®(vv*)P(v*v)
=0
0=a(1-p)
=2((1-p)"(1-p)
=p=
O
= (Construction proof - Dyadic numbers)
Lemma 93. Suppose M is a finite v N algebra, 0 # p € P(M) (nonzero projection).
Then any family of projections, ¥V F' = {p; € P(M)|p :~ p,pip; = 0 Vi # j} finite.
Proof. Suppose |F| = oo, 3Fy ¢ F, |Fy| = |F| (characteristic of infinite sets)
Consider ¢ : F — Fy bijective.
ZieF pi ~ ZieFa p;.
This is impossible because one of them is a strict projection of the other = M is not finite. O

Let us build the dyadic numbers first.
Let po = 0,p1 = 1.

Lemma 94. M is II;.

3 p1/2 € P(M) such that py /o =1 — pyo.
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Proof. Consider the family {p;, ¢;} which are equivalent p; ~ ¢;. They are mutually orthogonal.

(By Zorn’s Lemma) Pick such a maximal family.

Now consider the sum, p = > p; ~ ¢ =>_ ¢;. (Essentially, p is perpendicular to ¢). Then, we look at
1—(p+aq).

Note that (1 — (p+¢))M(1 — (p+ q)) is not Abelian. Then,

30 # po, g0 € P(1 = (p+q))M(1 — (p + q)) such that

Po ~ qo and pogo = 0.

{pitiUpo and {¢:} Ugo=1—-(p+q)=0=p+qg=1

=3Ire(1—(p+q)M(1— (p+ q)) such that r < z(r).

Take z(r) — r and r. Take the center of this. Will be something nonzero. Then, by comparison need
to find something that lives in both.

That is exactly our pg, qo. In other words,
0 # z(r) = r,r # 0. Take the central support.

0+#0Z(2(r) —r) < Z(r)
= Z(:(r) — 1) - Z2(r) = Z(() — 1) £ 0
=pe <z(r)—=r
0<r
Conclusion: pg = 0,p1 = 1, py /2. -

So we now have:

P1/2 ~v P1/2

P12 =00 = 1 —pyo = vv*. Then, p1 — py/2 = vv™.

Then, py /o Mps /2. Basically, p1/o = p'(1 —¢').

Iterating it, we get p1/2 = p1/a + (P1/2 — P1ja = P1/a ~ P1j2 — P1/a-

Then, p3/4 = p1/2 + vp1/4v*. When factor, trace = number (1/2, 1/4, 3/4, etc.) Hence, we have
pr € P(M) where r € @ dyadic number.

r<t=pr=<p:

r—t=r"—t=p.—p~pl—p.
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11 February 2022

Observation

Recall,

Theorem 95. M C B(H) Type II finite vN algebra. Then, 3 family of projections {p;}redayadic C
P(M): {2ﬁn|k,n € N}

po=0,p1 =1

0<p-<p:<1l,r<t

vr,t,r’,t" dyadic numbers. Then, r — ¢t =" —¢'.

Lemma 96. M C B(H) vN algebra. V0 # q € P(M), 3z € Z(M) (for every nonzero projection,
there exists a central projection) and a dyadic number, r such that p, - z # 0 and

pr- 2 2 gz (4)

Proof. Consider zg = 2(q) € Z(M). Working into M - 2.
We can assume WLOG that z(q) = 1.

z(pr) < z(¢) = 1. Now we use the comparison theorem.
If (4) does not hold, = ¢ < p, Vr.

Then,

1
quﬁ

1
= pw —Po
~Por ~ Pyt Vk  (they are projections)
1 1 1

= (p27 _p2k+1) : (p2k+1 _p2k+2) =0 Vk

(Next one lives underneath and are mutually orthogonal).
But this contradicts Lemma 1 (cannot keep finding more). O
Definition 19.8 (Monic Projections). p € p(M) is called ‘monic” if 3 finitely many projections,

{p1,p2,....,pn} mutually orthogonal with p; ~ p and Y., p; € Z(M) (all span something in the
center).

{Pr}redyadic are monic projections. We can do this because

1=_1 —p3/4a+Dp3/4— P12+ P12 —P1/a+DP1ys

p1

Can do something similar for any k.

Lemma 97. If M C B(H) finite vN algebra then any projection is a sum of mutually orthogonal monic
projections.

Proof. By a maximality argument it suffices to argue that Vp € P(M) Ipy < p that is.
But this follows from Lemma 1 (Case II;.

Case I, follows for any abelian projection. O
Lemma 98. ¥Y¢ : M — Z(M) central valued state. These are (norm) bounded (with norms, ||¢|| = 1).
Vo > 0= ¢(x) > 0.

y=y"=yyr—y-, y,y- >0
y=9y" = o(y) = d(y100-) = d(y4) — d(y-) € Z(M).
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Y1) +ip(y2))”

For y € M,

y+y  <lly+y*l-1
o(ly+y Il (y+y*) >0
lly +y*-1-20(y +y*)|

ol = s

|w||
2

<
< Iyl

Also note that ||y*[|* = |ly*yll = |lyy*|| = [ly[|*-
Lemma 99. TFAE

(i) ¢(zy) = ¢(yx) Yo,y € M

(i) ¢p(z*x) = p(zx*) Ve € M

(ii) ¢(p) = ¢(q)Vp ~ q,pq € P(M).
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14 Feb 2022

Check

Recall

Theorem 100. ¢ : M — Z(M) center-valued state. Then TFAE:
(1) ¢(zy) = ¢(yx) Yo,y € M

(2) p(xa*) = p(a*z) Ve e M

(3) é(p) = ¢(q) VP ~ ¢,p,q € P(M).

1=2=3

Proof. f u e U(M), uqu* ~q
By 3, ¢(uqu”) = ¢(q) Vg € P(M), Vu € U(M).

Then, take linear combination of projections: ¢(u Zi)\iq'i'll«*):(b(z M) Then, by Spectral theorem we
have

P(uzu*) = () Ve > 0 = ¢p(uzu*) = ¢(z) Yo € M.

Now do a change of variables, x — xu. Then, we have

o(ux) = ¢(xu) Ve € M, Yu € U(M)
= ¢(yz) = ¢(zy) Yo,y € M

The last line follows since every thing of M is a linear combination of elements of U(M). O

Now we can start building the trace.
Theorem 101. If M C B(H) vN has a normal central state.

Note that M commutes with every element in the set. The, M C Z(M)’' (commutant). Note that
Z(M) is abelian (of Type I).

We learned that Type is preserved under commutant = Z(M)’ is type I as well. Since it is Type I,
we can find an abelian projection.

Pick such a p € P(Z(M)’) abelian with z(p) = 1. Then,
Note: pAp = Z(A)p. (In general center of Z(M) is same as center of Z(M)").

pMp C pZ(M)p  (Comment: Not an algebra, just a subspace)
= Z(Z(M)")p

Note we have a map from

Z(M) — Z(M)p
O(x) =ap

This is a surjective homomorphism. Since z(p) = 1 (full support), this is precisely an injective map.

¢(r)=0 < a2p=0=2z-2(p) =0=2-1=0= 2 =0 (no non-trivial kernel, so injective).
Another way to check:
zp =20
= Mzp=0 MeZ(M)
XMp=0

XMp()=0 (X operator ) V¢ € H
XZ(p)§ =0 Zp=[Z(M)'pH]
X-Z(p)=0
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Also note another map:

pMp — Z(M)
p(x) = ¢~ (pxp)

Now this diagram commutes.

Lemma 102. (Property of Corners) Let ¢ : M — Z(M) is a normal central valued state. Then
Ve > 0, dp € P(M) such that ¢|parp faithful and ¢(za*) < (1 + €)p(z*z) Vo € pMp'.

Proof. Let {¢;} be a maximal family of mutually orthogonal projections such that ¢(g;) = 0.

¢(>-aqi) = > ¢(q:) = 0.

0#qg=1- Zqi = ¢ is faithful in gy Mqo

Suppose x > 0 € goMqo such that ¢(x) = 0. Then,

I (e,o0) (¥) # 0 =

DT X(e,00) () = €d(E(e,00)(w)) = 0.

Let {e;, fi}ies maximal family of projections.

Note that {e;},{f:} are mutually orthogonal, e; ~ f; and ¢(e;) > ¢(f;) Vi.

Let us consider e = qo — >, €i,q0 — >_; fi = f. We know that e ~ f.

Now look at 0 # &(f) > ¢(e) > 0=e #0.

Let 1 > 0 be the smallest number such that ¢(é;) < ugb(f) Ve<e f<fén~f.
First observe that u # 0.

Proof. u#0,¢(e) # 0.
Fix € > 0. Then, 3 two projections, 0 # é < e,0 # f < f such that

(1 +e)o(e) > uo(f)

Consider {é;, fl} maximal family of é; < ¢, fi < f such that
é; ~ fi such that (1+ €)p(é;) < ¢(f;) Then,
p=é—Yénq=F—-%fi

Vp1,p2 < p with p1 ~ po. Then,

Jr < ¢ such that r ~ p;.

¢(p1) < pé(p2) < (1+€)d(p2)-

d(p2) < (1 + €)d(p2).

d(up2u*) < (1 + €)p(p2) Vp2 € pMp.

Pluyu”) < (1+€)d(y), y=0.

o(ux*zu) < (1 + €)p(a*z)Va € pMp

Something about polar decomposition O
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16 Feb 2022 Recall
Lemma 103. 3¢ : M — Z(M) normal, central-valued state.
Lemma 104. Let M C B(H) vN algebra, 3¢ : M — Z(M) normal central-valued state such that
YV e>030#pe P(M) such that
@|parp is faithful and

¢(za”) < (1+ €)¢(z"x) Vo € pMp
Lemma 105. Let M C B(H) finite vN algebra. Then, V e > 0 3¢ : M — Z(M) a normal, central-
valued state such that ¢(zz*) < (1 + €)p(z*x) Vo € M.

Observation: It suffices to show the statement for Mz, z € Z(M).

Proof. From lemma 1 (today), 3¢ : M — Z(M) normal central valued trace.
From Lemma 2 (today), 3p € P(Mz) such that Vo € pM zp.

o1(xx*) < (14 €)po(z*z) (Note: Every projection is a sum of monic, orthogonal projections - due to
the existence of the dyadic scale).

Passing to a subprojection WLOG p is monic. Then 3 finitely many projections p1,ps, .., pn € P(M2)
such that p; ~ p.

n
Zpi =z9 € Z(Mz)

i=1
Now we know to make use of p; ~,, p where v;v; = p; and v;v] = p;.
U Mzy — Z(Mzy) where
U(x) = >0 ¢o(vizvy). Is this in pMzp?
[Can write partial isometry as v; =; vjv; and v} = v}v;v;. Hence it is in pM zp. |
We know that © € Mzy. Then,

= i U (zvfviz™)
i=1

n n
= Z Z Go(vjrviviz* o)

i=1 j=1

= Z(l + €) o (viz v vjzv})

= Z(l —+ e)d)o(vﬂf* (Z U;'Uj) U;k)

J
——

20

=(1+e) Z do(viz zvy)

=(1+e¥(z"z)
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Theorem 106. M C B(H) is finite <= 3 ¢: M — Z(M) normal central-valued trace.

Proof. (<) Done.
(=) Now.

1
Let 1 + — = a, IL Then, from Lemma 3 (today), 37, : M — Z(M) normal central valued state.
n

Tolzx™) < apmy(z¥x) Yo € M.

Claim: 0 < m < n. Consider the map from M — Z(M) defined by U, ,, = a2,7,, — 7, (still normal.
Also this is a positive map).

Upn(L)=a+m?-1

)

=1
=a? -1
= ||CL72an 721” :agn -1

Now check the above state that it is positive.

Proof. Show ¥, ,,(x) = 0 Yz > 0. Enough to just check for finite projections.

(Recall: z = [))
U, n(p) > Vp € M (This is enough by spectral theorem)
2
>

0
U Tm () — Tn(p) > 0

A map ¥(>"e;) = ¥(e;) by normality) and because Vp is a sum of monic projections.

It suffices to check that @, 7 (p) — 7n(p) > 0 Vp monic projections. Then,
Ip1,p2, ..., pn € P(M) such that

k
Zpi =z
i=1

for p; ~ p.
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Tn(P) < anTn(pi)
Tn(pi) < anbM(p)

k
kTn(p) = Z 7n(p)

k
< Z anTn(ps)
= anmn(d_pi)

= anTn(z) — anz

= apTim(2)

k
=a+ m'm(z Di)
i=1
k
= Z anTm(pi)
i=1

k
<ap Z AmTm (p)
7

= knQmTm (D)
< ka?nTm(p)
= zn(p) < afnzm(p)
a?nTm —Th >0

= ||a2, 7 — Ta|| = a2, —1 >0

Therefore, 37, (x) — 7(z). such that ||7,,, — 7||| = 0.

Then 7(za*) + 7 (z2*) < ap7(x*z) = 7(2*x) Vo € M and
T(zz*) < 7(z*x)

= 7(xa*) = 7(z*x).

= 7(zy) = 7(yx) Vz,y € M.

T|z(ary = identity.

¢ € M,.

I o7 —¢omm|l <[]l — 7mll

= M, is closed.
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18 February 2022 (B. Yeadon) proved existence of center- valued trace on finite vN Ryll-Narz. fixed point.
Consider z — {¢(uu*)|u € U(M).}
Theorem 107. Suppose M is a finite vV algebra.
U : M — Z(M) faithful, normal central valued state. Then, Ve, f € P(M),e X f < ¥(e) < ¥(f)

(trace of e is less than or equal to trace of f).

Note we know about trace that U(zz) — 2(¥z) Vz € Z(M) (modular with respect to the center).

Proof. (=)
e = f= Jv € M such that e = v*v,vv* < f. Then,
U(e) = ¥(v*v) = ¥(vv") < ¥(f) N

Proof. (<) Let e, f € P(M) such that W(e) < W(f).
By comparison, 3z € Z(M) such that ez < fz and (1 —z)f < (1 — z)e.

1-2)f=<(1-2)e
(1—-2)f=v"v,vv* < (1-2)e

= U((1—-2)e—wvw*) =
= (1-2)e=vv"
(= )f ~ (1 2)e
fz> ze
=f>e

O

Theorem 108 (Dixmier averaging proposition - Jacques (1949)). Let M be a von Neumann algebra.

Ve e M K@) "

N Z(M) # ¢ where the convex hull is defined as

K(x) = co{uzu*|UM)} = {Z aiuixuf,Zai =1

(same z, different u’s ).
- Note, it does not have any topological properties so we close it.

Corollary 108.1. Suppose M is a finite vV algebra, then there exists only one central-valued trace.

Proof. Suppose there exists U1, Uy : M — Z(M) central-valued trace. Then, by (Di 49),
Uy (o5 aavgany) = 300 U(wzuy) = (07, ) (@) = Vi ().

Uy (K(z)) = Uy (2).

Now consider W1(Z(M)) = Idz(ar). Then,

K@) "0 20) = {91(0)} = {Wa(a)}.

S0 () = {Pa(2)}.

(By the Theorem, there is an element in the center that is approximated by the convex hull. Because
z is in the center ®, = z. So the right hand side is the trace so they must be the same). O
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Lemma 109. Let M vN algebra, V z = 2* € M.
JueUM),y € Z(M) such that

1 3
I (o +ua) = yl| < Sl

(Since self-adjoint, may not be positive, but we select the positive part).

Proof. Consider p = X[0,00)(z) € P(M). Let ¢ = 1 — p. Now, by comparison, 3 z € Z(M) such that
for q1,q2,p1,p2 € P(M), we have

2q ~y p1 <p1+p2=zpand (1 —2)p ~y ¢1 < q1+q2 = (1 — 2)q Then,

u=v+v" +w+w 4 py+q € UM)
u'piu = zq, u'zqu =p1, upou = ps

uqu=(1-2), u(1—2)pu=q, u'qu=qg

We prove one of them. Rest should follow:

u'pru = (v+v" +u+u" +p2+q@)pi(v+o+u+ut +p2+ o)
(vp1 +v*p1 +upr + u'p1) (v + 0" +u+u 4+ p2 +g2)

(vp1 +v*p1 +upy + u*pr)(v+v*) (Rest are 0)

o1 +0"pr) (v + 0°)

vp1v*

——
2q

Note that vp;w = vprww*w and ww* = ¢; < (1 — 2)¢1 and w*w = (1 — 2)p. so things cancel.

98



23 Feb 2022

Lemma 110. Let M C B(H) vN algebra. Let x € M* x = z*. Then, Ju € U(M),y € Z(M) such
that

1 3
S uzut) — gl < el

Proof. x = x* and consider the characteristic function (only positive part) - p = x[0,00)(z) € M.
Assume ||z|] = 1.

Let ¢ = 1 — p. Then, use the Comparison Theorem i.e. 3z € P(Z(M)) and p1,p2,q1,q2 € P(M) such
that

z2q ~y p1 < p1 + p2 = 2p.

(1=2)p~waq <q+gq=(1-2)q

By the partial isometries defined above, we have
v*0 = zz,w* = pp,wrw = (1 — 2)p,ww* = q.
(By last time, we have)

u=v+0v*+w+w +pr+q € UM).

(i) u*pru = zq, u*zqu = p1 , u*pou = po. And

(i) w'qru = (1 - 2)p , u*(1 - 2)pu = g1, u"gou = . Then,

T < X[o,00) () = P
2wzt < zpz*
—qz<xz<pz=p;+p2 (can always conjugate)
—p1 = —u'qzu < u'rzu < Ut (p1 +p2)u = 2q + p2
= —p; <u'zzu < zq + po
—qz<z2z<p;+p2s (add them up)
=z _ —(pritpe) _wwzutaz _ zq+pitzps
2 2 2 - z
< 2q+p1+p2
z

IN

We also have

z=2z1
=z(p+q)
=zp+ zq
=p1+p2+2q
Therefore, we have
-z < u rzu + T2 .
2 2 -
-3 1 3 -3 1 1 3
TZ < i(u*xzu +xz)+ Z < ZZT(l —2) < 5((1 —2)z+u*(1—z)zu” + 1(1 —2) < 1(1 —z)u*
Similarly for the other one. When you add things up, we get:
-3 1 3
1 1 3
||§(33+U Tu) — 1(22’ -DIlI< 1
——
Y
O
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Recall the theorem:
Theorem 111 (Dixmier '49). Suppose M C B(H) vN algebra.

Let x € M. Consider K(x)” ! NZ(M) # 0, where K(xz) is the convex hull i.e. K(z) = co {uzu*|u €
U(M)}.

Proof. Suppose & = ag + iby, where ag, by self-adjoint (ag = ag, by = bf)).

Consider map:

alz) = Zaiuixuf, a1, Q9,0 ERy g+ g+ oo+ = 1 uy, ugy ey uny CU(M)
i=1
Apply the lemma to = ag. Then, Jy; € Z(M) such that

3

lon(a0) ~ ]| <

A

Now we want to iterate the process. Apply lemma to x = a(ag) —y1. 3y)2 € Z(M)*

las(as(ao) = 51)) = all < 3 llan(ao) ~ il < (5)?
oz 0 @ (a0) — (1 +92)]| < (5

Continue iterating this to get the following. For y; € Z(M), we get

3
|l 0 g1 0.0 (o) = (Y1 +y2+ . +y)l[ < (Z)k (5)
Hence, we have
. 3.k
ap — < (-
low — g 11<()

K(ao) EZ(M)

We are done for the real part. Now need to consider the imaginary part. For o averaging operator

Ve>0, Jy € Z(M) such that
lla(ao) —yll <€

Similarly, 3 8 an averaging operator. Let z € Z(M) such that

[18(a(bo)) — 2| < e

[16(e(a0)) =yl = [|8(c(a0) — vl
<|la(ao) —y||  (since Lipschitz)
<z

Now apply directly to our element z = ag + ibp.

[1B(afag +ibo) =y + iz|| <||B(e(ao)) = yll + ||B(a(bo) — =] < 2¢

1
We have proved that V € > 0, 3z € K(x), 2z, € Z(M) such that ||zg — zx|| < ok

= ||z — x| < ok

- i, 0
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20 Fundamental Group

MII, ~ F(M)

0<t<1.

dp € P(M) such that o(p) = t.

Look at pMp ‘ =' M? (isomorphism class of pMp).

25 February 2022

Suppose p,q € P(M),o(p) =0o(q) =t =p~q.
Doy @1 —pry 1—g.

Let w =v 4w € U(M). Then, we have

upu* = q,u(l —p)u* = (1 —q).

Consider the map: ad (u) : pMp — ¢Mq by the map ad (u)(z) = uau®.

upMpu™ = upl M 1u*
— upu*uMu*upu*
= upu* Mupu*
=qMgq

t
Ifl1<t<oo= dneN,0< —<1.
n

(Then tensorize)
M = p(M & Mn((c))p Mn(M)

(M & My(C),0 )

——

7

p € M® M,(C)
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28 Feb 2022 Recall Fundamental group.
MTI, factor. Then, F(M) C (Ry,-)
F(M)={t e (0,00)|M! >~ M}
0 <t < 1. Pickp € P(M) such that 7(p) = t.
Consider M S22Liace, 7(Ary —, C and M — C
Consider pMp II; factor.
M? = equivalence class of pMp.
p.q € P(M),7(p) =7(q) =t = upu” = q.
Then, pMp =,q(u) ¢Mq.

t
For 1 <t < oo, pick n € N such that — < 1.
n

M, (C) ® M, II factor. Then, take tensor

1
(M1(C® M, tr x 7) where tr:M,,(C — C where the map is defined by tr = 1 Tr.

Consider 7(p) =

Sl

Now take M* = the equivalence class p(M,,(C @ M)p.
Proof idea:

M,(C)® Cc M, (C)e@ M

M,(C® M Cc M, (C)

Now we take (M?")* =2 M" for 0 < s,t < 1. Then,

0 << 1~ defined by z(p) = t.

pMp, 1,) where 7,(x) = 2(pzp) II; factor
’ ' z(p)
3q € P(pMp) such that 7,(q) = s = % —
-

Lq)—s 7(q) = ts
Then, i = 7(q) =ts.

q(pMp)q = qMq = M**
Now suppose s and ¢ are in the Fundamental Group, i.e. s,t € F(M). By definition, we have
Mts [a] (Mt)s o~ (M)t ~ N

21 Open Problems and History

Definition 21.1 (Hyperfinite). 49 C A1 C A2 C .... C 4, C UAnSOT = M. (if closed and Type I).

Any two Type I towers with same structures are isomorphic (unique up to isomorphism).
Consequence: Fundamental Group of Type I is whole R, .

Consequence II: If M finite dimensional, then so is compression pMp.

(M and vN ’ (43)) R = hyperfinite factors. Then, F(R) =R,

(Kadison’ 1967)

PSL,(Z),n >. Then, F(L(G)) = countable (cannot be R...)

(Dan-Virgil, Vorculescu, Florin Radulescu) ('91)

F(L(Fw)) =R,

F(L(F,) € {1,R;)
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Field Medals Problem (related to FG/ free probability question):
L(F, % L(F,,), n # m. (Connes’ 80)

L(Fn)P = L(Fp-1)

(Popa 2001)

F(L(Z? x SLo(Z)) = {1}

Popa’s Deformation/Rigidity Theory

VF' (countable) C (Ry,-)

(Free Product) F(L(%(Z? x SLy(Z)) = F

22 Radon-Nikodym

Theorem 112. N C (M, ) finite v N algebras.

Then, dEN : M — N a conditional expectations with the following properities:
1) Normal

2) E,(n1 X n2) = n1 En(X|n2) Yny,ne € N, X € M (bimodular)

2b) En(1) =1 (unital)

3) 7o Exy = 7 (7- invariant)
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21 March 2022

Motivation

(Post Spring Break)
Theorem 113. M semi-finite factor has a unique normal “semifinite trace” i.e.
Tr: My — R = [0, 00] with Tr(z) > 0. and My — {x € M|z > 0}.

(discussion on weights, ideals, etc.)

Tr (sup x) = sup Tr (x) (normally)

In addition, Trace is faithful. (In conclusion, semifinite trace has factors similar to finite).
p € M finite <= Tr(p) < oc.

p=q <= Tr(p) < Tr(q).

23 Sorin Popa’s Intertwining Techniques

Result from 05 (Invent. Math.)

(In group theory), A, B < G. Does 3 g € G such that gAg~! = B (conjugacy class). Loosen conjugacy
to gA C Bg and extend idea to algebras instead of just groups.

(Example of Intertwining) Similarly, intertwining is x,A4, C Bz (automorphisms).

Now, we formalize this notion.

Theorem 114. Let (M, o) be a finite vN algebra, f € P(M).

A C fMf (compression of M by f), B C M vN subalgebras.

Then, the following are equivalent.

1.30#ac AN(<M,B>);,Tr(a) < co.

2. 30#e€ AN < M,B > such that Tr (e) < co. (projection)

3.30#q€ P(A),0#pe P(B),av € M partial isometry and *x—homomorphism such that

U : gAq — pBp such that

U(z)v = vz Vo € gAq and vgAq C pBpv.

(For 1, we need to take the basic construction of M by B) BC M C< M,B >= JB'J =< M,er >
(note A C M as well.

In general: ng = {x € Q, P(z*z) < oo} where & : Q1 — [0, 00]. (left ideal - check by Cauchy Schwarz
inequality)

Consider me = {>., Y; x|, yi € ne,x € N}, z subalgebra (spans ng).
Tr: < M, B >— R where {37, z;epyiln € N,x;,y, € N} C< M, B >
Then,

Tr(z TiEBYi) = Z Tr(xepy;)
i=1 i=1

= Za(fﬁzyz)

104



23 March 2022

Theorem 115 (S. Popa ’03). Let (M, 7) finite vN algebra. Let f € P(M). (projection).
Let AC fMf,B C M vN subalgebras (inclusions are unital). TFAE:

1. 30#a€ AANf < MB > f that has finite trace i.e. Tr(a) < oo where a > 0 (and where
BCMcC<M,B>={M,eg}’ C B(L?(H). Also AC M C< M,B >).

2.30#eeANf<M,B>f Tr(e) <ooie e(H)=K CL(M)= AKB = K. (range needs A-B
bimodule).

3. 30# g€ P(A) and ¢ € qL?(M) such that qAg¢ C €B.

4. 30+# q € P(A),p € P(B),v € M partial isometry and ¥ : gAq — pBp *-homomorphism - unital,
injective (NOT surjective) such that ¥(z)v = vaVz € ¢Aq.

i.e. A <) B (corner of A intertwines with B in M).
5. The following doesn’t hold:
Vay,az, ...;a, € M, Ve >0, Fu € U(A) such that ||Eg(auaj)lls < e Vi,j=1,n.

(for separable algebras, this is equivalent to saying I(un)n C U(A) such that ||Ep(zu,y)|l2 — 0 as
n — oo Va,y € M. (If not separable, have to work with nests instead of sequences but still true).

Proof. (1= 2)
a # 0. 3 e = x(a)[e,0) spectral projection of a.
Then, ae > ee. Then, we have
oo > Tr(a)
> Tr(a-e)
> eTr(e)
=>a> el/2eql/?

= ae

=ceANf(M,B)f. O

Proof. (4 and 5). (let us start by negating (5)).

Suppose 5 holds. Then, Jai,a2,..,a, € M 3¢ > 0 such that V u € U(A), 3 4,5 such that
||Ep(aiua)|l5 > &. = die1 |Ep(aiua})||5 > &5 (no need to make choices for i, j with the sum).

(Note we will use Tr(zepy) = 7(xy)).

> IEs(aua))ll; > & = Y 7(Ep(aua})Ep(aiuaj))

i=1j =1
n
= Z Tr(Ep(aju*ai)epEp(auaj))
ij=1

= ) Tr(u*(ajepai)u(ajepe;))

n

= Tr(u*( Z ajepe;)u( Z e;ena;)
=y

ij=1 ij=1

= Tr(u*yuy) > &o
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25 March 2022 Recall < M,B > {M,eg}" C B(L*(M)). Also recall the theorem:
Theorem 116 (Popa ’03). Consider (M, 7) vN algebra, A C fM f (corner), B C M.
Then, TFAE:
(1)30#ac(ANf<MB>f);, Tr(a) < cc.
(2)30#£ecPANf<M,B>f),Tr(e) < oo.
(3) 30# qo € P(A) and 0 # € € qoL?(M) such that qoAqgoé C £B.

(4) (Intertwining) 30 # ¢ € Q,0 # p € B, *-homomorphism (unital, injective) with ¥ : gAq —
pBp, Jv € m such that zv = v¥(z) Vo € ¢Aq.

5) (Mixing Representation) The following (analytic) conditins do not hold:

i) Ya,ag,...,an € M, Ve >0, Ju € U(A) (unitary) such that ||Ep(a;uafls <€,1<1i,j <n.
This is a decay property).

i) It ) © U(A), [|Ep(@un ()|l — 0¥,y € M

This is mixing condition).

P

Explanation (4) (Idea: Maybe patch the corners)
We need to know what happens to v*v,vv*. With the relation above, we will find that
vv* € gAq' N gMgq and v v € ¥(qAq)' N pMp..

In particular for the first one, we have

xv =v¥(x)
= v'r = (2v)*
= (v¥(x))”
= U(z)v" Yz € ¢Aq.

zov* = v¥(x)v*
=o'z
= zvv* = vv'x
= vv* € qAq NgMq

Now let us continue the proofs.
(1) = (2) Done Last time.

Proof. (4) = (1)
Consider vegv* C MegM C< M,ep > . (essentially in ¢ < M,ep > q).
Fix x € qAq. Then,

vepv*r = vep U(x) v
—~—
€B
=v¥(x)epgv”
= gvegv*
.vepv* € gA¢d Ng< M,eg > q.

(further, Tr (vepv*) = 7(vv*) < oo (finite trace).
We have (A'N f < M,egf)q.
We will use the monoticity property for the whole algebra.

Ju1, ..., v, € M partial isometries such that viv < ¢,z => 1, vv} € Z(M).
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Then we build Y. | vivegv*v; € f < M,eg > f, Tr(a) < co.
Fix x € A. Note, since v} is partial isometry, then v} = v]v; v]. Now we have
~—

<q

n n
azr =x E vivepv Ul X g v)jv;)
i=1 i=1

n
= E vivepv” (v Tv;)vs
2%}

n
= E vivfxvjvegv*v;
4,7

n
_ * *,
=zx g vivepvv;
Jj=1
= zra = T2a
(Hence, commutes with everybody).

Proof. (5) = (1)

Jay,...,an € M,q0 >0, Vu € U(A), we have that ||Ep(a;ua})||2 > qo.
We will work with a weaker condition i.e. 37, ,_, |Ep(a;iuaz])||3 > 5 Vu € U(A).. Then,
Tr (u*yuy) where y = 3" | a;epa;.

Tr (u*yuy) > qo Yu € U(A).

Then, we will do an averaging. Consider the convex hull and take its weak closure:

co {(Wuryulu € U(A)} C L3(< M,ep >) (item (iv) from printed out notes).

3¢e K s|-|l2 o —minimal.Inparticular, wehave

infe,cic |[éollz 10 = [|€]l2 1. Then,

[ &ul|3 1 = Tr(g¢ = lI¢]l2 -

Finally, u*éu = £ Yu € U(A).

Then, Tr > & > 0.

107



30 March 2022

Side Note

Let p € P(M). We are in (M, 1) finite vN algebra. A C pMp, B C M. Then, recall that TFAE:
(i)30£ace ANp< M,B >p, Tr(a) < 0o

(i) 30#e€ P(A'Np < M,B > p),Tr(e) < o0

(iii) 30 =pg € P(A),0 # ¢ € L%(M, ) such that pyApy C £B.

(iv) 30=po € P(A),q € P(B),v € m part is the ¥ : pgApg — gBq * — such that ¥(x)v = vz.
(v) The following analytic property doesn’t hold (weak mixing)

Vay,...,a, € M Ve >0, Ju € U(A) such that [|Ep(a)iuaj||z <€, V1 <i,j <n.
1=2,4=1,5=1 done

Proof. (1 = 5) (Proof Idea - Actual proof requires Pulldown Lemma)

finA'Np< M,B> Tr(f) <oo

Jai,asz,...,an, € M.

=" acepa; (can approximate by finite rank. When B is trivial algebra, this is rank 1)
(Can make argument rigorous for the basis if B C L?(M).

Even though &; are in L? (not bounded), &;ep&; is a projection.

Let u € U(A). Take Tr(fufu*) = Tr(f?) = Tr [semi-finite trace, on the basic construction]
Tr((X7L, aiepai)u(} eepel)u*) = X || Ep(ajua;|[3 > Te(f) — 2¢ Vn € U(A)

Hence we found an a and e such that 5 fails (negation done). O

Usually we have B € M C L*(M,7) and L*(M) = Y, ; &B (can write this like a Fourier series i.e.
r =2 &EB({)r)
Ep(&¢) = 0i;€; (Use bimodule structure and Hilbert analysis)

Proof. (3=4)

If we look at £*¢ (product of 2 L? is in L' by C-S) (Map from M — B, but also a map from
LY(M) — LY(B)).

[|IEg(2)||1 = sup{r(uEp(z)|lu € U(B)} = 7(ux) < sup7(uzx) = ||z||1c O
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1 April 2022 Recall theorem as above. We will continue the proofs.
(1=2,4—1,1 <= 5 Done)

Proof. (3= 4)
Consider Ep : L2M — L?B where ep(xl) = Ep(x)1 (expectation as we know it)
)

It does extend to L! space. Consider Ep : L*(M,7) — L*(B, 7) where ||z||; = 7(]z|) (Banach space,
has all the properties).

Show that ||Eg(x)|l1 < ||z|l1 Y& € M. (contraction).
We can write ||z||; = sup{7(uz)|u € U(M)}. Then,

|Es(2)[l1 = sup{r(uEp(z))|lue U(B)}

—sup{7(Ep(ux))|lu € U(B)}  (since bimodular)

= sup{7(ux)|lu € U(B) CU(M)}

< A{r(uz)lu € U(M)}

= ||zl
., Ep extends by continuity i.e. Eg: L'M — L'B completely positive map.
We will use this to build our x-homomorphism.
Let £ € qoL?M C L?M (can be seen as affiliated operator).

For # € L?,z€ (x acts on L? but £ can also act on x by acting on the right). Hence, can be seenly as
a densely defined operator. £*¢ € L' M (Multiply two vectors in L2, we get vector in L1).

(similar idea of polar decomposition for unbounded operators).
&(q,00)(T) (no notion of support, we build the support)

(Example to have in mind: L>°[0,1] = M (or even L'[0,1]). Consider the set of measurable functions
Meas[0,1]. In general, Meas|0,1] are affiliated operators. Can always do pointwise approximation.

Even for unbounded functions, can fix a lower and upper bound and truncate the function. 0 outside
of this.)

For every affiliated operator T, we have T = V/|T| (any of the spectral projections are in the vN
algebra)

Consider Eg(£*¢) € L'B.

Define & = {Ep(£*€) /2. Perform functional calculus, take projection & o) (Ep(£*€)). Take inverse
and square root, we get the above (compression).

&0 = Ep(£°€)™ V2 ¢BR(e7€)™Y*  (Apply Eg)
Ep(&&) = Ep(Ep(€€)™ /2 ¢Ep(e7e)™1/?)
)

= Ep(£€) ' Ep(€*)Ep(£7¢) ™12
=q€ P(B)

Now we are finally ready to define our map.

Define ¥ : goAqy — L'(qBq) defined by ¥(x) = Ep(£5xéo). (This is a normal, faithful, completely
positive map).

In fact, ¥(qoAqo) C ¢Bq. [Note: U(qo) = Eg(&5&0) = p)
If we show 2§y = £ ¥ (z), then it proves both homorphism and embedding)
q0Aqo C EB,x& = &y
U(z) = Ep(§52é0) = Ep(&5ioy)
= EB(&0)y
=Y
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Let 1,22 € qoAqp. Then,

r12280 = 116V (72)
§oV(z172) = oW (21) ¥ (22)

2vp€o = vo¥(x) (can cancel) - Proves the last part.
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24 Group - Measure Space v/N algebras

4 April 2021 (Murray-von Neumann '36-'43)
I’-countable discrete group.
PT={{:P—=C Y cplélg)f < oo}
&,n € 1T, then
(i) <&n>=2,erl9nlg), (i) [[€]] =< &€ >12= (2 cr €)'/
This is a Hilbert space.
Convolution &,7 € I?T, £xn:T — C. Then,

Exnlg)—=>_&h)

her

= &gh™

hel

€09l =1 &mmn

hel

<> [Eh)|[n(hg)|

heTl

< OO In(h ) )M

hel hel

= [1€ll2 - [Inll2
1€ nlloo < gl - [Inlf?

For & xn € [°°T.
Ex: &,nelll = Exne LT,

Properties:
1 g=h
04(h) =
a(h) {0 otherwise

for g € T.

Pick & € IT". Then,

Ex0y = pg*lf
dg + E(k Z dg(
= €( ~'k)

= A&(k) by left-regular representation,

where

Ag,pg : T = I°T
N€(h) = E(g7"h)
pg&(h) = &(hg)

For £ € I’T ~ £ € T, T(g) = &(g~ Y
If £,m,b € 12T and (£ %) xb € [T, &+ (n*b) € 12T, then (£ xn) b= &% (n*b)
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Let £ € I’T. Then, D¢ = {n € I’T : £ xn € I’T'} D {d,|g € '} (nonempty set, presrves I°T").
Note that for ni,ne € D = % ny,Exng € IPT = Exmy + £ xmainl®T = & x (1 xm2) € 1T
Conclusion: D¢ = [°T.
This allows us to define the convolution operator.
Left Convolution Lg : De — [T defined by L¢(n) = & * n linear operator.

Similarly, let D; = {§ € I’T :nx & € 1°T}.

Right Convolution R : Di — I°T defined by Re(n) =1 *&.
¢ is called a left convolution (resp. right convolution) iff D¢ = I°T' (resp. Dy = I°T)

Example 117. V¢ € span {d4|g € T'} is a left (or right) convolution (There are many).
Theorem 118. V¢ € 1T, Le, Re¢ have closed graphs in I?T & 2T = (¢, Le(€)).

(Will use Closed Graph Theorem).
Proof. If (nn, Le(nn)) = (n,¢) = ¢ = L¢(n) is a sequence.

(With [[[[2 norm), 1, — 1 and ||Lg (1) = ¢. (Show [|§ * 7, — (2 = 0).
Fix g € T, then

1C(g) = Le(m)g| = 1¢(9) = @i * n(g)]
= lim [€xmn(g) = Exn(g)|
= lim [¢ s (1, —n)(q)]
< lim [|¢]l2[[nn = nll2

=0

€ € I°T left convolution = L¢ € B(I’T") (by Closed Graph Theorem).
Definition 24.1. LT = {¢ € [T : £ left convolution }.
RI = {¢ € I’T : € right convolution }.

Since every bounded operator has an adjoint and &is left convolution, so is € = (L&)* = LE.
Similarly, (R¢)* = RE.

Then,

Lg o Ly(C) = Le(n * ¢)
=&x(n*()
= (Exm)*¢
= Leun

Similarly,

L¢ o Ry(C) = Le(pen)
=& (bxn)
=(€*x()*C
= RnOLg

Hence, LT, RT" are *-subalgebras (we will show that these are, in fact, vV algebras).
LT C RI".
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Definition 24.2. If I' is a countable discrete, then LI, RT" are vN algebra, then

(a)
LT = RI" = p(I') = LT = RI” = A(I)"

(via left regular representation)
(b)
RT = LT" = A(T)’
Proof. LT' C RI” C p(T)
If we can show that p(I")’ < LI, then we are done.
Let T € p(T)".
Let ¢ = T9; (where T is bounded operator). Show that T' = L.
Take g € I" and consider L¢(dy).

Le(6g) = Ex g
= pg-1(8)
= pg-1(I'(61)
= pg—10T(01)
=Topg—1
= T(ég)
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6 April 2022 F countable discrete group.

L(T) = {L&|€ € IPT left convolutions}

= {\lg €T} € B@?T)

_ C[F}WOT _ C[F]SOT _ C[F}”

Note that Vx € LT' admits a Fourier expansion.
Theorem 119. 3 normal, faithful, trivial state 7 : L(T') — C (trace). Then,
T(x) =< xd1,01 > Va € L(T).

Note that x = 3 . z4ugy, Where z, is the Fourier expansion (in C).

Proof. Normal is clear since 7(z*z)— = = = 0.

x=L{=0=rT1(z"x)
=< z*xd1,01 >  (since £ = xdy)

=< $51,$51 >= Z ‘J?j|2
J

=<, 8>

= |l¢l®

=&=0

=>x=LE=0

(We will use linearity)

=< Ugpg-1,01 >

=< dgpg-1,01 >

= Oghg—1

= 7(un)
Theorem 120 (Murray-von Neumann '43)). LI is a factor <= T'is an ICC Group
Vi#£gel, |g'| = [{hgh™'h € T} = o0

Proof. Let g €T, |g"| < oo.
Let 1 # 2 =3 rux € Z(LT).
Fix h €T,



Let z € Z(LT") with upzup-1 = Vo €T

Pick Fourier decomposition z =} r, , . Then,
99
T= ),
gelz uy

= uh(z Tglg)Up—1
9
= Z xguhghq

gel’

= E xhghug

ger
Tg = Tp-1gp
(Norm 2 convergence, so can permute the group — Absolute convergence)
Note that z, = > 7(zug-1)

Since Norm 2, >° |zg|> = ||z||3 (norm-2 summable. Finite if either finite terms or if infinite, all
zeros. Since we are in ICC, except for trivial conjugacy class, orbits are infinite, then the Fourier
coeffienets are 0).

ie 2y =0Vg#1 O

Z(LT) C L(FCT)) (still open problem. Equality is not true since left side is Abelian, but right hand
side doesn’t have to be).

Consider L(Z x Fy) = L(I"))
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25 Examples of ICC Groups

8 April 2022 ”You catch a snake by hand of crazy person” ”Pure spirit” ” Everybody can cook” ”Beautiful marriage
of mathematics” (C* algebra and Von Neumann Algebras)

25.1 Group-measure space von Neumann algebra

(Murray-von Neumann ’36, ’45)

Suppose (X7, p1) and (Xa, o) are two probability spaces.
Then, (X1, 1) =g (Xa, uo) if there is a Borel isomorphism i.e.
30 : X; — X5 (Borel) measure preserving map such that

E C X3 Borel such that p(671(Ez)) = pu2(E).

Assume (X, 1) = (Xo,u2) = (X, ). (special case). Under composition,this becomes a group i.e.
Aut(X, p) = group of (class modulo null sets) pmp automorphism of X.

O € Aut(X, mu) e Aut(L(X, 1)), 1) 3 f(z) = fob = f(O(x)).

T(f)=7(f00)
/Xf(:z:)dx:/Xfoﬂ(x)dz

/XE:/XEO9
X X

(Works since measure preserving. Hence, the induced map).
Action T~ (X, u) (pmp action)

p(y 'E) = pu(E) VEX.

Then, T' ~, (f(X), where f: X — C.

op(f)(@) = f(y H(z) Vo € X,y € T. (Respects LP).

f e L%(x) ~ oq)(pyers(x)llow (1)1=1If]]
fe L?(x) ~ oy (f)(L*(X)
For f,h € L2(X)

<o (o) > = [ FWe() da
=< f,g>

Preserves dot product.
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11 April 2022 T countable discrete group.
I ~ action on (X, i) pmp such that u(yE) = u(E) VE C X measurable, Vy € T.
This induces another action.
I’ ~, (action) on F(X) = {f : X — o|f function }, where
v oy (f) = f(v7H(z) Vo € X, Vf € F(x).
F e L2X, 1) = oy (f) € 2(X), 1]l = lom £ lll2 VY.
[ € LX) ay(f) € LX), Iflloe = llory| oo VF¥o0.
I ~, (action) (L>(X), [-dp=T)
Gamma ~ (L*(X),<>), f € L>(X)

(T-preserving action).
Definition 25.1 (Koopman Representation).
<og(f)iog(h) >=<f.g> fg€L*X),
where I' ~ (action) U(L?(X), <,>) is a unitary representation.
(will drop g in our notation from now, but it is there).

Note that o : T' = Aut(L>(X), [ -p) where v — o,.
Suppose f € L>®(X) ~ My € B(L?(X)), where £ € L?(X), and it is defined as followed:

My (§)(x) = f(@)€(x), [[MfllBL2(x)) = |1 f]]oo-
Let £ € L2.
Ug(MfﬁTg*l(f) = Ung(f o 971)
=o,(f-£og™')  (Pointwise)

=0y(f)¢
- Mo’_q (f)

(Recovers the action. Covariant. Think about cross product or semi-direct product).

Now we build our von Neumann algebra (i.e. cross product algebra).
We now consider a larger Hilbert space, H = L?(X) ® ¢°T.

Loo(X), Gamma ~~ (action) B(H). (represent)

LX) f~f®1: LA(X)® T - L2°X @ {°T. ie.

fOUE®d,) = (f§) @ .

Now take element of the group, I'). I' 3 g ~» u,(§ ® §,) = 04(£) @41 (on the second component, left
( group g~ Ug 9 g 9 P
regular representation).

= Ug =09 ® Ag.
(Do not want to use M f anymore).

Note that two operators are the same if they agree on some generator (basis or something).
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ug fug (€ @ 0n) = ugf(0g(€) ® Ag-1(n))
= ug(f - 0g-1(§)) © Ag-1(dn)

=04(f)E @ 0n

= 04(f)(§ @ 0n)
i.e. ugfuyt = ay(f) (on this representation).
Implication
fugcot kuy, = f ugku;1 UgUp

———

=0g4(k)

= ag(k)ugn

Definition 25.2 (Algebraic (or linear) span). span = {3/ 4,0 aguglag € L>(X),g € I'} C B(H).

Then, this is an algebra, but in particular, it is a star algebra.

[L>*X] L*(X)algD
Therefore, to get the von Neumann algebra, we take the closure as follows
Definition 25.3 (Group Measure Space von Neumann algebra).

SO WO

- - - SO
L% %y T = LX) Mag I = LX) dag T = {L(X) xag T V' € B(H)

of I'(X, p).
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13 April 2022 T ~~ (acts on) (X, u) pmp standard probability space ([0, 1], A).

s LX) 305 T = I(X) xag T

H = L*(X) @ 2(T).

L®(X) 3 f~ f(Ex ) = (f&)®6, e B(H)VEe LX(X)
I'sg~up(§®6y) =or(§ ®@0n, uyc B(H)
[L® XD = L™®(X) Xae I' = lim{augla € L*X,g € T}

Note that T ~, (acts on L (X, u)
ey L2(X, )
Also note that

uhfuh-1 = O’h(f), f e L>*X
= augbup = uugbug-1ugup

= aug(b)ugh

L>*X C L*®X x, ' ¢ L(T") (finite von Neumann algebra)
Let A= L®(X).

Definition 25.4 (Left Convolvers). Axa, C I'L(A,T) = {{ = Zg €,0, € H|Foo > ¢ > 0 such that ||¢x
nll2 < ellnllz} ¥n € H.

(In particular, the SOT-closure of the algebra on the left, Ax,, = L(A,T)).
Similarly,

Definition 25.5 (Right Convolvers). Axag C R(A,I') = {£ =3_ £;04 € H[Foo > ¢ > 0 such that ||nx
Ell2 < cllnll2 V0 € H}

§=(228¢04),n = (32, mg0y) (cannot multiply pairwise since not scalars)

Therefore, (§ 1)y =), Ehon(hg).

x € L(X) x5 I' ~ (Fourier expansion) z = - Z4ug,
where © = L = L,(14s (representing vector in L?).

7: L>®(X) %, ' = C. Hence,

m(x) = [y x(t) dp.

Ty = Epe(x)(zuy-1), where E(z) = ae, Err(z) = 3 cp 7(7g)ug (expectations)
Proof. Fix h € I'. Then,

ELoox({E'LLh—l) = ELOQX(Z TgUgUp—1
g

= EL‘X’X(Z xgugh_l)

g

= E ELooX(xgugha
g

= ngELooX(ugh_1)

g9
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Then,

Eroox (ug) = 0k
ToFEpox =7 a€L>™®X
T(aEp~x(ug)) = 7(EL~x (au))
= 7(auy)
= Okl

If we let a = ELooX(u;;). Take norms and we get precisely dj

S Zg ngLooX(ughfl) = Zg jJgfsgfrl,l =Th

Exercise Suppose you have two subgroups, A, < T and L(A) C L(T') D L(%).
Show that L(A) < L(X) <= 3h € I'[A: hXh 1N A] < oo (index is finite. Can be proved using
analytic index and intertwining techniques).
Definition 25.6 (Ergodic). I ~ (X, u) free <= Vg # 1u({z € Xolyz = x}) = 0 or p(gXoAXo) = 0.
I~ (X, p) ergodic <= VX, C X if gXo = Xo Vg € T, u(Xo) € {0,1} (for every Borel set)
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15 April 2022

Definition 25.7. T' ~ (acts on) (X, p) is free (ess). if u({x € X|z = gz}) = 0 Vg # 1 (Borel
measurable set)

(Keeps thing fixed)

Definition 25.8. T' ~ (acts on) X, i) is ergodic iff whenever Y C X, u(gYAY) =0Vg = u(Y) =
{0,1} (Y is I'- invariant up to measure 0 sets).

(g can move things within Y but stays within Y).
Lemma 121. The following are equivalent:
1. T~ (acts on) (X, ) is ergodic.

2. If T ~ (acts on) L>(X, n), L*(X, ) then whenever f € L>(X) such that o,(f) = fVge ' = f €
ALA e C.

3. If T ~» (acts on) M (X) then whenever ¢ € M(X) such that o4(f) =fVgeI' = f=AL,AeC.
Note that u(gYdY) =0 <= o,4(ly) = ly since 1y (g7 'A) = 1y (). (1y is the characteristic function.
gY =Y almost everywhere so symmetric difference is 0 ae).

=1y =1.

Proof. (1= 3)
Suppose f € M(X) = {f”X — C measurable}

og(f)=f Vge X
og(f)(x) = f(x) aex
flg7la) = f(z) aex

(Now consider level sets) E, = {z € X|f(x) > r}
E, is I-invariant due to last line of the equation above) = u(E,) € {0,1}.
Take oo = sup{r|u(E,) = 0} (As you increase r, the set gets smaller and smaller).

What you can prove, then r < a < r9, u(E,,) = 0 while pu(F,,) = 1. So, f = a. O
Lemma 122. g € Aut(X, p) ~ o4 € Aut(L*°(X, p)). Then TFAE:

1. g is free.
2. VA C X, u(A) > 03B C A such that u(B) > 0 such that gBN B = {).
3. If a € L>(X) such that ac;j(z) = za Vo € L™ (X, u) — a = 0.

Proof. (1= 2)- HW

(2=3

acg(x) = za

If a # 0, v]alog(x) = v]a|x V.

f= |jj||f| (partial isometry). But have to be careful since it may have 0. To avoid this, we will
multiply by characteristic function, then the support will take care of things). So now we have

/
f = meupp

pog(z) = px Va.
p= 1y,m(Y) > 0.
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ly(y) = 2(g7"y) = 1y (y)z(y)Vy € X.

2(97'y) = x(y) Yy € Y.

By 2, we can find a B with g7!B N B = ) (take y in this B) such that B(g~'y) = 15y.

Hence gB = B. Therefore, contradiction, a = 0. O
Theorem 123 (M vN * 36). 1. T ~ (acts on) (X, u) free <= L>®°(X) x, ' MASA (maximal Abelian
*_subalgebra)

A'N(Ax,T)=A.

2. If T ~ (acts on) (X, p) is free, then A X, I'is a factor <= T" ~» (acts on) (X, u) is ergodic.

(By Zorn’s Lemma, we can always find a maximal Abelian subalgebra. This theorem states this is
exactly what is it).

Proof. (=)

Suppose x € A'N(AxT),

T = 0gTqly, Ty € A.

Then xza = ax Va € A. Then, we have

za = (Y4 Tgug)a =3, zgugallugtlly = 3 (zg04(a))ug.
Also we have az = a(3_, zquq) >_,(azg)uy.

arg = x404(a)Vg and Va € A. Since I' ~» (acts on) (X, ) free, then By above Lemma, z, = 0 Vg # 1.
Then,

=) Tus=x€ A O

Proof. (<)
By Lemma 2, ax = o4(z)a Vo € A.
= ar = ugaug_la.

1

= ug~'ax = x(uy-1)a Vo € A. The, it is in the commutant ie.e uz-1a € A’ N(AXT) = A

9

2€Z(AXT)CANAXE)=A
A > z. (z is in center).

We have zuy = ugz = 2z — ugzuy—1 = 04(2) Vg = z € C1. So if you assume ergodic, then it will be a
scalar.

Proof. o4(a) =a Vg
UgQUg—1 = G = UgQ = Q.
Then buga = bauy = a(buy) =a € Z(AxT)=1C. O
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26 Amenable Groups

18 April 2022 Suppose T is a discrete, countable group (doesn’t have to be).
Definition 26.1 (Amenable). T' is amenable <= 30 # ¢ € ¢°°(I")* left invariant state (i.e. ¢
positive ¢ > 0, unital ¢(1) = 0, linear functional and ¢(tf) = f) Vf € £>°T, Vt € T)
tf(z) =o(f'a),Vf,x €T
Example 124. 3 : 21 — [0,1] such that
WAL B) = u(A) + pu(B), AcapBB =
pI) =1
u(gA) = p(A)
Ezxample 125. Every finite group is amenable.

Theorem 126. The following groups are amenable.
_ Al
T
2) V abelian group (consequence of Kakutani FPT - HW)

1) V finite groups, p : 21 — [0, 1] given by u(A)

3) Class of Amenable groups is closed under taking subgroups, extensions, quotients, and inductive
limits

4) (Asymptotic Analysis) All groups of sub-exponential growth i.e. I' =< s > where (s = s71),|s| < oo
(finitely generated group).

Can define a notion of growth using the Cayley graph. Can define distance between two words i.e.
(s,t) = £(t~1s) (length). Then count how many elements you have. Now this is is a metric space.

Then, B(e,g) = {g € T'|d(e, g) < r} where e is the identity. Finally, |B(e,r)| < exponential, then we
have sub-exponential growth.

Theorem 127. F5 is not amenable.

Proof.

®

.b_l

Disjoint Union

Fo=<a,b>

AT ={w € Fo|w = a...}

A= ={weFslw=a"1.}

Bt ={weFlw=0b..}

B ={weFw=>b"1.}

Fo=ATUA- ' UBTUB U {e}

Fy = At UaA and Fo = BT UbB~! (Paradoxical Decomposition)

Now assume by contradiction J¢p(£°°(F3)*) left-invariant state. Then,
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¢(1)

d(la+ +14- +1p+ +15- + 1)g,

Lat) + o(1a-) + d(1p+) + ¢(1p-) + B(1e)s,)
La+) +dlala-) + ¢(1p+) + d(blp-1) + B(1e)
La+ +14a-) + ¢(1p+ + Lpp-) + ¢(1e)
1)+ ¢(1)

1)+ ¢(1) for0<¢(1) <0

(
¢(
o(
&(
¢(
&(

v IV

¢(1)
Contradiction O

(Thompson Group - famous group. Amenable or not? (3 each so far)) - so close to border “It is a
joke. I am not sure if it is a funny joke.” - Conferences/Voting on Amenable Groups.

Theorem 128. TFAE:
1) I' is amenable
2) 3 € P(I') C £'T such that ||p; — tpsl|[1 — 0.

3) The left regular representation A : I' — U(¢2I") has almost invariant vectors i.e. 3¢ € £2T, [|{[|]2 =1
such that [|\;(&) — &ll2 — 0 Vg.

Atf;

4) 3(F;) C T (Folner nets) 3F; C T finite such that |F | —0vtel
Proof. (4= 2)
1
Take p; = -1p,. Then,
| E3]
B 1 _ FiAtf;
i = tpilly = 22 [u(s) — plt 18)=ZQIW'1E(75 's)| = T =
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20 April 2022 Prob (I') = {p: I' = Clu(g) > 0,3, cp p(90 = 1, [[u][r = 1}
Theorem 129. TFAE
1. T' is amenable
2. 3(u;) € Prob(T') C (¢'T) such that ||u; — gus|[r — 0 Vg € T.
3. The left regular representation A : I' — U(£T) as almost invarint vectors (Ir < Ar)
3 (&)i C T, |& ]2 = L,][Ag(&) — &illa = 0 Vg eT.
4. 3 Folner net (F;); C T,

—0VgeTl
| F|

Ve > 0,VE Cc I' 3F cC T such that
FosF
|[Fos < MeVsCFE

|F|
Last time, we proved (4) = (2)
Proof. (4) = (3)
2P _
Let & = |F|1/2 lp, € T, ||&ill2 =1
1 1
112 —
||§Ag£z||2_|||Fz|21 |F|1/2 Then

1
—|1p (¢ 1 1 —)?
¥|Fi|‘Fl( gF Z|F|‘F ( )|

|[FiAgFi|
IFI

_ |FzAgfz|

—0
|l

Proof. (2) = (3) If 3u; € Prob(T")

i *gui||1 — 0 Vg

& : TrightarrowC, &(t) =a pi(t)Y/%, € € (¢2(T));. Then,

165 = Ag&ill3 = Zm (g™
_ Z“l“ 1/2 ( t)1/2|2
< Zluz pi(g~ ')

= Hui = gl =0
(We use the fact that |a — b2 < |a? — b?| since |a — b||a0b] < |a — b|a + b])
( (3) = (2) Similarly)

Proof. (2) = (4) (Namioka’s trace)
Ve >0, 3u € Prob (I') such that 37 p[ln—gulli <e=e-1=¢lul)r.
Observe that Vo, 8 > 0, we have
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o — ] = / Loy (@) — 1oy (B)] dr

= Y > ult) —u(g ')l < egu(t)

geEE t

oo 00
Z Z/O ‘l(r,oo)/‘(t) - ]-(7",00) - ]-(r,oo) (M(g_lt” dr < GZA ]-(r,oc)ﬂ(t)
t

geE tel

/ TS (o) (0(0) — Loy (g™ 8)) i < / Ty )

geE tel

dr>0st Z Z |1(T,oo) (.U’(t)) - l(r,oo))(,u’(gilt)) dr < GZ l(r,oo)(,u’(t))

geE tel t

Now consider the set F' = {t € T'|u(t) > r} (Level Set - Finite, nonempty subset of I'). Then, we have

> |FAF| < €|F|

g

|[FAGF| < €|F]
Fo,F|
<eVgeFE
|F|
O
Proof. (2) = (1) Trivial since ||; — guil|s — 0 1T C (¢°°T)*
Then,
p~ ¢y € (£2(I)*. Then,
d)]y[(F) = / f dm
r
=> flgulg)
gel’
O

Proof. (1) = (2) (Day’s Trick)
Suppose ¢ : £>°(I') — C state left invariant i.e. gp = ¢ Vg € T
Claim Ju; € Prob(I') (net) such that in weak-* topology, p; converges to ¢ (pointwise) as elements of
(€>°T)*.
Separation argument (via Hahn-Banach)
Suppose that this does not hold (by way of contradiction). Then, Prob (T") C (¢°°T")* (convex subspace)

Note that after the closure these two are disjoint subspaces of (¢£°°T')*. Then, by Hahn-Banach sepa-
ration theorem, 3f € £>°(T")

dr > 0,s <t € R such that Re (v(f)) < s <t < Re ¢(f) Vv € Prob (I).

|

Now consider f € £°(T") with 1/2(f + f) (real-valued) since Re (¢(f)) = gz)(f%
Then || f|lco + v(f) < [|Flloe + 5 < [|flloo +t < [|f]loo + ¢(f) Vv

Then,

v(f + 1| fllo) < S0 <to < O(f+1flloc). Take supremum to get

SUP,eprob(V(f)) < 5 —0 <t < ¢(f)Vv € Prob(T")

Then, supremum is norm-infinity. So they are equal.

).
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22 April 2022
1. T is amenable <= 3¢ € (¢*°)* state left-invariant i.e. s¢ = ¢.

2. 3p; € Prob(T') € T ie. Vs €T, Ve > 0,Vt € T, ||; — spil| < e for all s < t.
(Day’s Trick)

Proof. (1) = (2)
¢ : £?¢p — C positive, unital function such that s¢ = ¢ Vs

weaksk

Claim: Ju; € Prob(T") such that y; —— ¢ in (£°°T)*.
Prob(D) ", ¢  (£T)*

Assume by contradiction these are disjoint sets. By Hahn-Banach separation theorem, 3 ¢ € ¢°°(T")
such that for s < ¢,

Re v(f) < s <t < 6(f)VRe 6(f) Vv € Prob T
VLS,
v(f) < <t<¢(f) Vv €Prob (')
f>0
[fllc =" sup v(f) <s<t<o(f) <||fll

vEProb I’

That is a contradiction. (Why is the last line equal? g € I' and consider §,4(f) = >, f(t)d,4(t) = f(9)
Hence, the claim is true.
Fix s €T, f € £*°T Now consider

spi — pi(9) = spi(f) — so(f) +so(f) — o(f) + o(f) — pi(f)
=s(pi — )(f) + (¢ +pi)(f) =0

Weakx

Hence, sp; — p; 0.

Weak
@Ssep{sp — plp € Prob (I} > {0}

K ,,FWeak* cX

The, || ® sy — p]|]1 < €. Then, we have
Yo s € Elll|lspp — pll1 < € (if each is less than €, then all of it is less). O

Theorem 130. TFAE:

1. T is amenable.

2. J¢ : I' — C positive definite finitely supported.
64(g) — 1] 0.

3. C*(I) =)

4. C*I' admits a 1— dimensional representation.

5. (Kesten’s criteria) VE C T
1

||E Y sci Aslloo = 1 such that A, : 2T — €2T defined by (A\&)(h) = &(s~1h) heT
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Definition 26.2 (Positive Definite). VF finite C I', then,
[¢i(s7't)] € Mip|(C) s,t € F.
< ¢i(s71), 7,7 ><0 7eClFl

Proof. (1) = (2)

& € °T such that ||¢||2 = 1 such that [[As(&) — &ll2 — 0
Consider ¢; : v — C given by ¢(g) =< Ag(£),& > such that
<[p(s7')T, 7 >= || >, vids, (§)]] = 0 for F CT.

Gilg) = U = < Ag(§),& > = <&, & > [ = [ < Ag(&) = & & > | < [A&) — &l = 0 (follows from
C-s)
(kind of like baby version of GNS construction) O
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25 April 2021 Recall the theorem

Theorem 131. 1. T' is amenable.

1
2. VE CT,E = E~! such that ||E Y sck Aslloo = 1. (Kesten)

Last time, we proved (=).

Proof. (<)
1 1
LetS = | > scr SAs. Then, S* = 3] Y scp As—1 = S (self-adjoint operator).

Also, [|S]|ee = sup)j¢/=1 =< S§,§ > (HW)
Note that ||S]|c = 1.

Ve >0,3¢ € (£2T); such that|[¢|[ = 1.
Also 1 —e < | < 8 € > |

Then, [¢](g) = |£(9),g € T

1—e<| <8¢ €>|
= > (SO) - £#)

tel
<D ISOH@IE@)]
tel
=< 15¢], 1| >
<> S )IE)]
tel
=< S(I€D), 1€])
= (8D, ¢l >
selk
ZsEE(l - 6) _ 1
S = 1-es @édm,mw

l=e S< /\S|£|a |€‘ >

For e > small, all < A4/¢],|£| > are arbitrarily close to 1 Vs € E.
Also notice that

IXs[€l = LEN115 = 1A + 1IENTZ — 2 < Aslél, J] >
=1+41-2<A¢),¢>

By the thing we proved above, the right most term is arbitrarily close to 1, so everything goes to 0.
So Al = [€]l2 < e

(Nets)

VE=E"'ccT, Ve>0, 3|¢ € 2T,]|[]]|2 = 1 such that || As[€] — [€]]|2 < € Vs € E.
(E,e),ECccT,e>0.

Then, (E,e) < (F,0) <= E C F for § <e.

Finally, 3/¢| = &g,e) € T [0l = 1.

Hence, conclusion follows.
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27 Von Neumann Algebras

(M, 7) von Neumann algebra, M°P - opposite von Neumann algebras.

Definition 27.1. M, N are von Neumann algebras.

A H-Hilbert space is called M — N bimodule if there exists two representations if comes equipped with
two representations:

m: M — B(
p: N°PP — B(
zy = m(x)p(y)E,

H)

H)  such that # commutes with p

where x € M,y € N,£ € H.

Consider the bimodules p;H
T M Qg NP — B(pHy) unital *-representation.

Ezample 132. If (von neumann algebra finite, can form the L? space) then, 5, L*(M),y is the trivial
bimodule given by the action

x&y = xJy*JE.

Example 133. pL2(M)®L?(M) )y given by
z(&1 @ &)y = (261) ® (L2y) z,y € M.

1r — L3(M).

Ar — L?2(M) @ L*(M).

Ezample 134. 0 € Aut(M)7 0§ = 7 given by
L2(M) = L*(M) > & such that

a8y = x€0(y).

Definition 27.2. Two correspondences/bimodules are isomorphic i.e. pyHy =y Ky if
3U : H — K unitary such that

U(x€y) = 2U(§)y,z,y € M,§ € H.

Definition 27.3. yHy Cweakly (Weakly contained in) K, given by
7 (®)]|oo < |7k (t)]|oo VE € M ®a1g N°PF (pointwise)
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27 April 2022 Let w: I' — U(H,) unitary representation.
M = L(T') = {ug, g € '}, where T is countable, discrete.
Consider the Hilbert space K, = H,®¢*(T"). Let ¢ € H,.
Define left action as follows:
us(§ ® ;) = m5(§) ® Oy
Similarly the right action is defined as:
(£ @ 0)us = & ® s
The right action extends to all x € M.
How about left action?

Lemma 135 (Fall absorption lemma). Let

K, — K, unitary
H, 0T — H, @ /°T
UE®d)=m)®d tel

unitary, then,

U(11® A\)U* =7 ® A, where A is the left regular representation.

Proof.

UQl@NU"((®;) =T1@ANE{®0s) Vse€ Hpsel
U1®@N); = (me-1(&) ® ds)
U(mg-1(€) ® )
= Ts(me—1(§) X Ots
=Ty @ Oy

Hence, we have a ;K py bimodule.

Theorem 136. 1. K, is M — M bimodule.
2. K, =u L2(M)y
3. MK)\FM =M LZ(M) ®L2(M)M

4. 71 Cweak T2 — K7r1 Cweak KTI'Q

Proof. Proof left as an exercise/HW to the reader.

27.1 Preliminaries

M C N v N algebra.

Definition 27.4. ¢ € N* is M-central if ¢p(aTx) = ¢(Tx) VT € N,z € M.
r €M,z = (x°P)* € M°P.

Then, consider M ®,1; M°P € B(L*M ®@ L*M).

|| - |lmin operational norm on M ®a1g M°P induced by B(L2M®&L?(M))

This is the minimal tensor norm.

Definition 27.5 (p-Scheten class). For every p > 1,

S,(H) = {T € B(H)I,Tr(|T|P < oo}

S,(H) is a Banach space and ||T||, = Tr(|T|?)*/>.
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When p = 1, this is trace class. When p = 2, this is Hilbert-Schmidt class.

(M, 7) von Neumann algebra.

U:HS(L*M) — L*(M)®L?*(M)
E@n—E®7, M — bimodule isomorphism

Lemma 137. Suppose A is a C* algebra and u € U(A) unitary of A and w € A* state. Then,

max{|lw — w(w)]], [lw —w(u?)[[} < V2|1 = w(u)

(Note, direct proof is difficult, but can be eased through GNS construction - can turn functional state
into vector state - via representation).

Proof. Let (my, Hy,&w) be a GNS triple for the state w on A, where w(a) =< 7 + w(a)&w, &w > and
Tw : A — B. Then,

Hw—MwM:Hw&Wd@—wwwl

= sup [[z|| < 1| < 7y ()0 — T (uz)es €0 >

< 7w (2)6w, §u0me (u*)Ew >

Slali<t o (@) €0l 116w — mw (u*)Eu |

< (16w — Ww(U*)EwH2)1/2(||€UH2 + |7 (u*)€u — 2Re < ngﬂw(U*gw)lﬂ C-S)
= (2 — 2Rew(u))"/?

< 2|1 — w(u)|/?
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29 April 2022
Theorem 138 (Powers-Stormer Inequality). Let H be a Hilbert space.
Suppose S,T € So(H),S,T > 0.

15 = T3 < [18* = T2|Ix
<[S = Tl[2l[S + T2

Proof. Fact 1. A, B € B(H) of finite rank, A, B < 0.
AB = V|AB]| (polar decomposition) ~» V*AB = V*V|AB| = |AB]

|AB||y = Tr(|AB)
=Tr(V*AB)|
< [V All2|| B2
< [|All2]| Bl|2

Fact 2. A,B € B(H),A, B > 0 and at lest one of finite rank, then Tr(AB) > 0.
B= Zle Ai <& > & (old notation: Zle N&RE;

k
B:Z)‘i<'v§i>£i

i=1
AB=AD N <& >& >
= Z)\ifi ® A&;
= Tr(AB) =Y X\ < &, A& >

>0

(Note that Tr(£&7) =< &,n > .

Now WLOG, S, T > 0, have finite rank. Consider S? — T2.

§?-T% = %((S FT)S —T)+(S—T)(S+T))
152 = 2|y = STr(I(S + T)(S — T) +(S = T)(S + 1))
= TRV (S TS 1)+ (S - T)(S + 7))
= STr(V (S + T)(S —T))) + Tr(V*((5 ~ T)(S + T))
SIS + T)al1S = Tl +11S = Tl]2 1S + Tl
[EREATNEREATS

IN

N

(Follows from fact 1).

If S — T is self-adjoint. Then consider the spectral projection:
P =1j0,00)(S = T), pt =1—p. The,

(S—T)p>0and (T — S)pt >0.
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Note that p + pt = 1.

1S =Tl =Tr((S = T)(S = T)(p +p))
=Tr((S —T)(S —T)p+ (T~ 8)(T — S)p™)
<Tr((S+T)S—T)p+ (T+S)(T —S)pt)  (use positivity from above)
=Tr((S* = T*)p+ (T? = $*)p™)
= |15 = T?|x
(Follows from fact 2). O

28 Amenable Algebra

Definition 28.1. (M,7) vN algebra is amenable iff 3¢ state on B(L2M) is M —central (¢(zu) =
é(ux) Vu € M,z € B(L*>M).

Theorem 139 (Connes '76). (M, 7) vN algebra (with separable predual)

TFAE:

1. There exists a conditional expectation F : B(L?M) — M (where M C B(L?M). (injectivity).

2. There exists a state ¢ on B(L?M) that is M-central where ¢p; = 7.

3. There exists a net &, € L?M ® L>M, |||z = 1 such that lim,_ ||2&, — €]z = 0 Vo € M and
lim < x&,,&, >= 7(x). (Invariant factors for Folner sets)

4. ML2(M)M Cieak ML2M®L2MA1.
5. Yayi,ag,....,ak,by,...bp € M,

k k
7Y aibi) < 1Y a5 © bl
i=1 i=1

(minimum tensor norm)

6. M is hyperfinite (3Q,, C Qpnt1 C ... C M, *— finite, dimc(Q,) < oo and UnQnWOT = M.

If M = L(T") group vN algebra where I' is countable discrete.

7. T is amenable (i.e. L(T") is amenable iff I" amenable. i.e. Group amenable iff von Neumann algebra
amenable)

Proof. (1) = (2)

¢ = 7ot since p(uru*) = 7(E(uzu*)) = 7(uE(z)u*) = 7 0o E(z) = ¢(x).
70 E(m)). H
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29 April 2022 (Make up class online)

2 May 2022 Recall,
1. 3B(L*(M)) — M conditional expectation.

6. 3Q, C M,Q, C Qny1 Vn,dime(Q,) < oo (some direct sum). These are like block matrices. So

consider
— 50T
UnQn =M.

(1) = (6) (Very Hard. Skip).

Proof. (1) < (6)
Consider U(Q,,) finite compact group. Now take (U(Q.), ftn), which represents the Haar measure.
Let T € B(L*>M). Then,

= O(T)v = v®(T).

~

Therefore, ®,,(T") commutes with v.
This is true for all n € N. Take (N,w)
w ultra-filter on N and ®(T") = lim,,—,,, ®,,(T) is the ultra-limit. Then,

OB(L2M) —— M’ N B(L2M)

~
S

s T J(T
NIy

S
S

Y
O

Proposition. T' is amenable <= L(P) is amenable.

Corollary 139.1. T is ICC amenable = L(P) = R (the hyperfinite)

ZSZ =aZ® X Z

ZQSZ = ®ZZQ X 7

Un Sy = Soo (torsion free - no infinite terms). Tower of subgroups procedure.

Proof. (<)

M is amenable, then 3¢ : B(L?M) — C a state, M-central ¢|p; = 7.

In esssence, B(L?M) is like

(>=(T) C B({*I)
[~ My 0°T — 0°T,
where the mapping is given by (My{)Hy = f(h)éh and |[Mf||oo = || f]loo and M = ¢ (r O

(Turning things into bimodule via lifting)
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Proof. (=)

- amenable 3(6,) C 2T, |[£alls = 1, [\1(€) — €nlla —

M = L(D).

H(X\) =p 2T ® 02Ty given by u,y (€ @ 8r) = A\g(€) ® 6,41, (left).

Similarly, (§ ® 0p)ug = £ ® dpg (right action) to define the bimodule structure.
Let b, = 2&, ® 1 € Hy. Then

||ugbn - bnug”2 = Hu(fn ®1) - (® l)ug||2
= )‘g(gn) ®dy —En ® 59H2

= l(Ag(&n) — &n) ® &I
=[1Ag(&n) —&nll2 = 0 Vn

Therefore, (§,,)is M-central (i.e. almost invariant, then almost central).

Can check that < x,&,,&, >= 7(z) Vo € M (tracial).
Definition 28.2. ®(T) = lim,, ., < Tby, b, >; d(usT) = d(Tus).

o(usT) = lim < usThy,, by
=lim < Tb,,usb,
=lim < Tb,, b,us

= lim < Tb,us, by,

vV V. V V V

= lim < Tugb,,, b,
n

= ¢(Tus)
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28.1 Take Home Exam 2

1. Show that the hyperfinite factor is unique (You can find this in the chapter 11 of the attached
book).

2. Show that the free group factors L(F,,) associated with the free group with n > 2 generators
does not have property Gamma of Murray and von Neumann. Use this to deduce that L(F},) is not
s-isomorphic to L(F, x Ss), where S, is the group of finite permutations of the natural numbers.
(You can find the relevant definitions and the result done in chapter 15 of the book attached.

29 Appendix - Selected Exercises

[font=]Show that (B(H),|| -|l«) is a complete space.

1.

Definitions 1. A sequence {z,} in a metric space (X,d) is Cauchy if V ¢ > 0, AN € N such that for
m,n > Nad(xmvxn) = ||£Cm - xn” <e

1b. Note that every Cauchy sequence in a metric space is bounded.

2. A metric space (X, d) is complete if every Cauchy sequence in X converges in X.

Solution Proof. First recall that B(H) = {T' : H — H]| linear, bounded }, where H is a Hilbert space.

Pick a Cauchy sequence T,, in T'. Since it is Cauchy, by definition we have Ve > 0, 3N € N such
that for m,n > N, ||T,, — T || = sup¢j <1 [1Tn(§) — T ()| <e.

We need to show there is some T' € B(H) such that lim,,_, ||T,, — T'|| = 0.

||Tn - Tm” = Sup ||Tn(§) - Tm(g)H
[El<1]|

<€
= ||Tn _T” = ||Tn T+ Tm _TH
ST = Tl + IT = T

= sup ||T5(§) = T (Ol + sup [|T(E) =T (E)]]
Gt lelI<1]

(Converges since Cauchy)

Since T is linear and bounded, by taking limits on both sides, we see that T,, — T € B(H) as
m — 00. O
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2. Fix I € M(A) — A/I (This is a field since [ is maximal).

Suppose (4,]||-||) is a Banach Algebra. I =1 < A is a closed ideal = (A/I,|| -
1) is a Banach algebra, where

llow+ 1| = inf [[oa + z[|a < [[a]].
TEN

Solution We need to show that A is a normed space, is sub-multiplicative, and is complete.

(i) Show |lc-z|| = |c|- ||z|]| Vz € A,c € C.

Proof. Let a+1 € A/I and ¢ € C. Then, we have

lle- (a+ D = |ea+ 1|

= inf ||ca + cx||a
zel

inf [le(a + )]l

] - infl [+ z||a (since A is a Banach Algebra)
S

= le| o+ 1|

(ii) Show [z +y|| < [[z[| + ||yl
Proof. Let a+ 1,8+ 1 € A/I. Then,

ot T+5+1) = [l(a+8) + 1]
= inf [[(a+ B) +2]la

= inf; [loo + |4 + inf} |8+ x||a (since A is a Banach Algebra)
re S

IA

o+ I][ + {18 + 1]

(iii) Show ||z]|| =0 <= 2 =04.
Proof. Let a4+ I € A/I. Then, we have

la+1I]|=0
= inf |la+ z||la < |la||=0
xzel

<= a =04 (since A is a Banach Algebra)
<~ a+ 1= OA/]

(iv) Show sub-multiplicative i.e. ||zy|| < ||z|| - ||yl

Proof. Let a4+ I,5+ 1 € A/I. Then,

138



la+ DB+ DIl = llag + 1]

int [|af + x4

< [laBl]

<|le|| - 1|8]| (since A is a Banach Algebra )

i it
inf[la + 2[4 - inf[|5 + 2|4

<Hla+ 11 - {18 + 11l

(v) Show that (A,||-||) is complete, i.e. all || - ||-Cauchy sequences converge.

Proof. Suppose (a + I),, is a Cauchy sequence in A/ i.e. ¥V e > 0, 3N € N such that for all
my,n > N,||[(a+ ), — (a4 I)m|| < e. We need to show that this sequence converges in A/I.
Note by definition,

(e + D)n = (@ + D] = infoer [[(@ + 2)n — (a4 )] 4.

Since A is a Banach algebra, every Cauchy sequence of A converges in A. On the other, we
assume that ||(a + I), — (o + I)m]|| < € and by property (ii), the norm of the sums is bounded
by their sum of the norms. Combining these two facts and taking the infimum on the right hand
side, we have that (A/I,|| -]|) is a complete space. O
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3. Show that {f € C(K)|f(K) = 0 continuous} is a maximal ideal of C(K) = {f : K —
C continuous}, where K is a Hausdorff compact space.

Know 1. There exists a natural homomorphism:

K - o(C(K))
k— (bk

defined by ¢ (f) = f(k) Vf € C(K). This map is a homeomorphism.

2. A two-sided ideal [ of a ring R is both a left ideal and a right ideal i.e. it is a subring,
rI C I, and Ir C I for all r € I. (absorbs products).

Solution Proof. We first recall that M is a maximal ideal iff the quotient ring C'(K)/M is a field.
By the First Isomorphism Theorem for rings, C(K)/ker(¢y) = C.

In particular, the kernel of ¢ is the set of all continuous functions such that ¢x(f) = f(k) =0} =
M.

Since C is a field, C(K)/ker(¢r) = C(K)/M is a field = M is a maximal ideal. O

Alternatively (Assume that this is not a maximal ideal, i.e. 3 J ideal such that I C J C C(K),
where I = {f € C(K)|f(K) =0 continuous }.

Jfilk) = fi+ fi
f1(k)

I is an ideal the first part of the sum goes to 0. Hence, we have 1 =

for some k. Since

fi
f1(k)

and so J = C(K), the entire space. Therefore, ] = M is a maximal ideal).

Suppose f; € J such that f; ¢ I. Hence, we have 1 =

=1elJ
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4. (24 September 2021)
Show the following: (a) A abelian, then z <y = 2% < 3°.

Solution (a)

Ty
zx < YT
= 1? <yz
=y (since A abelian )
<y (since = < y)

L <y=z® <

(b)
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5. (25 October 2021) Show that the finite rank operator FR(H) C L'(B(H)) and more-
over FR(H) = L'(B(H)). (dense)
Hint Tr({ ® ) =< &,n > (finite linear combination). Show densy.
Apply definition. Let (b;);c; be an ONB. Then,

Tr(E®n) =Y @0 <bi,b >

i=1

= <<bin>Ebi>
il

= Z <bi,n><E b > Prove this is the same as dot product
icl

:Z <§i7<€i7n>a§i >
iel

=< 517Z< biﬂ? >bi >

=< &, > <mbi > b >
=<&n>, iel
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6. (27 October 2021) L?(B(H)) is a complete space with || - ||». (Any Hilbert space =
Dual by Riesz representation theorem).
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7. (29 October 2021) (Lemma) HS(H, K) form a closed subspace L?(B(H @ K))
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