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Abstract

I consider an environment in which contract enforcement is a decision variable for the prin-
cipal. I construct a model in which entrepreneurs cannot commit to repaying investors
for the capital advanced, but investors can force repayment by spending resources. The
principal uses enforcement to reduce the resources available to the agent after a default,
thus providing incentives for the agent to stay in the relationship. She also ensures con-
tract compliance by backloading the payments to the agent: expected utility rises over time,
preventing a default. I consider two applications of the framework developed in the paper.
The first is in firm dynamics. I show that enforcement and backloading are always used
jointly. Firm size (measured by capital) grows with time and each firm converges to the
efficient size. Enforcement is generally nonmonotone in capital and it is used more heavily
for medium-sized firms. The second is in the field of economic development. I compare the
stationary equilibria in two economies with differing enforcement costs. Higher enforcement
cost eliminates investment in high risk - high return enterprises and distorts the distribution
of firm sizes. This can explain observed differences in total factor productivity between poor
and rich countries.
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1 Introduction

In many economic relationships that involve agents taking actions at different points
in time, a decision rule that is ex ante efficient and satisfies the participation con-
straints of all the agents may not be time consistent. One of the agents may increase
her ex post utility by choosing an action contrary to the original plan. For example
a borrower may refuse to repay a loan. Another example would be producing a spe-
cialized product: if the product is less valuable for outside parties, then the buyer
would be able to renegotiate the contract after delivery, lowering the price.

There are two approaches to this problem in the literature. First, we may assume
that the agents have access to some commitment technology (for example contract
law) that allows them to make credible promises at the beginning of the game. After
all the parties have entered into binding agreement, the specified strategies are played
out without making any further decisions. In this case, the agents must bargain
to choose an allocation from the set of all Pareto-efficient allocations. Second, we
concentrate on strategies that are optimal at every decision node - Perfect Bayesian
Equilibria.

However, in most commercial relationships contract enforcement is neither impos-
sible nor perfect. In this paper I consider an intermediate case: one of the parties
in the relationship can force a contractually specified action by paying a cost. For
example if we consider enforcement by a court action, the cost would be out-of-pocket
legal expenses, the probability of an adverse outcome and the cost of delays. Agents
in less developed countries may use informal or even illegal enforcement mechanisms,
but these are still costly. Djankov et. al. (2008) document significant differences
in enforcement cost and quality around the world which suggest that the use of en-
forcement versus other methods to provide contract compliance varies significantly
between countries and industries. In order to explore these issues, I construct a model
in which enforcement is a decision variable and the cost of enforcement is exogenous.

I consider the relationship between a financial intermediary (principal) and an
entrepreneur (agent) in an environment without commitment. The agent can operate
a stochastic production technology, but is born without capital. The intermediary
can borrow any amount from capital markets at the risk-free rate (or, equivalently,

has deep pockets). I assume that the project, operated at the optimal scale, yields



output greater than the total cost of capital. There is no private information, nor
exogenous contract incompleteness. Therefore the two parties can create some surplus
together. However, the agent cannot commit to repaying the principal. The principal
can use dynamic incentives to ensure payment: the share of the project revenues that
go to the agent grows over time, which reduces the benefit of defaulting. As the value
of the agent’s participation in the relationship rises, the principal can increase the
project sizeﬂ Additionally, the principal can enforce payment. However enforcement
is costly: to force a payment of e units, the principal must pay a cost of y(e).

Costly enforcement is a deadweight loss and leads to incentives for renegotiation.
The cost of enforcement affects the bargaining power of the two parties in the case of
a renegotiation, but actual enforcement will never be observed in equilibrium. Krasa
and Villamil (2000) show that enforcement will be used in a model with private in-
formation. The intuition behind it is simple: if the intermediary cannot commit to
enforcing the contract, in equilibrium she must be indifferent between enforcement
and no enforcement. Their model is essentially static and does not allow for a choice
of investment level. I follow Koeppl (2007) in assuming that the principal must invest
v(e) units of the consumption good in order to ensure enforcement capacity of e at
the end of the period. (Or, we can simply assume that the principal can commit to
enforcement.) This gives us a tractable framework in which enforcement, investment
and entrepreneur’s equity change over time. Increasing investment increases the total
surplus, but also increases the incentives for default. To prevent default, the prin-
cipal can decrease investment from the first-best level, use enforcement or dynamic
incentives. This model allows us to study the interactions between these 3 tools.

If the agent defaults, the principal uses the enforcement option, collects a payment
of e and breaks off the contract. The agent receives some outside option which is a
function of the net resources available after the default. The contract is incentive-
compatible only if the utility of staying in the relationship is equal to or exceeds the
outside option. Thus if we fix the utility the agent receives from the contract, the
principal ensures that the contract is incentive-compatible by reducing the agent’s

resources after a default by reducing investment in the project and obtaining enforce-

1 Albuquerque and Hopenhayn (2004) consider a similar setup with risk-neutral entrepreneurs

and endogenous firm liquidation.



ment capacity.

Expected output is strictly concave and satisfies the Inada properties, which im-
plies that there is an optimal scale of production. I show that investment never
exceeds the optimal level. Since there is an optimal scale to production and the
productivity shock has compact support, the resources available after a default are
bounded from above by some number 7 almost surely. I prove that if the agent’s
promised utility is above the outside option of 7, the first-best allocation (optimal
investment and consumption in each period, no enforcement) is incentive-compatible.

Increasing the agent’s promised utility relaxes the incentive constraints. I prove
that capital increases monotonically with the agent’s promised utility and converges to
the first-best. The agent has limited liability - there is no outside source of payment
- which implies that the principal will reduce enforcement (to minimize costs) if
investment is low. Therefore capital and enforcement are complements: enforcement
tends to rise with investment. Thus increasing promised utility has ambiguous effects
on enforcement: it would increase capital, which would increase enforcement, but on
the other hand it relaxes the incentive constraints and reduces enforcement. I find an
example in which enforcement is nonmonotone.

Commitment frictions become less severe as promised utility rises. Therefore,
the principal will tend to increase promised utility over time. I prove that there is
an upward trend in promised utility: expected continuation utility is always higher
than current utility if the incentive constraints are binding. (That happens when the
promised utility is lower than the outside option of the highest output realization 7).
Therefore expected continuation utility is strictly larger than current promised utility.
Promised utility is a submartingale and by the submartingale convergence theorem
it converges almost surely to some value v, at which the incentive constraints no
longer bind. Since the principal and agent have the same discount factor, the first-
best allocation requires constant consumption. Giving the agent a rising consumption
profile is costly - it increases average consumption, required to deliver the initial
promised utility. However, it allows a more efficient scale of production in subsequent
periods. The former effect is second order and is dominated by the latter.

I consider two applications of the principal-agent model, developed in the paper.



The first one is in firm dynamics. There is an extensive literatureﬂ that reports that
financing constraints are important for firm growth and survival. For any starting
initial promised utility vy the contract induces some process for promised utility v,
and therefore capital. Thus, if we pin down initial utility, the model delivers an
equilibrium process of firm sizes. If the intermediation sector is competitive, then
the agent’s initial utility is determined by a break-even condition: the principal’s
expected profit at the start of the relationship must be equal to the firm set-up
cost. I assume exogenous firm destruction probability as in Cooley and Quadrini
(2001) which implies that there is a stationary distribution of firm sizes (measured
by capital). If the enforcement cost is high, enforcement frictions are severe and
dynamic incentives are used heavily. If the enforcement cost is lower, new firms are
less constrained and start producing on a larger scale. On the other hand, they will
grow slower. The average size of the firm will be larger if the enforcement cost is
lower. If the model is extended to include endogenous firm exit, the effect will be
even more pronounced.

The second application I consider is in the field of Economic Development. This
paper provides a mechanism to explain two widely accepted stylized facts. First, the
distribution of firm sizes is skewed towards smaller sizes in developing countries. Sec-
ond, more than 50% of per-capita income differences are accounted for by differences
in observed total factor productivity. Financial frictions and problems with enforce-
ment have been advanced as explanations to both of these facts. In that literature
there is some exogenously imposed limit on enforcement, which affects the equilib-
rium lending contracts. (For example, Buera et. al. (2008), Castro et al. (2004)
and Quintin (2007)). I endogenize the degree of enforcement | I compare the sta-
tionary equilibria in a pair of countries with identical technology and preferences, but
different enforcement costs.

I showed above that in an economy with higher enforcement costs firms will be

smaller on average, which accounts for the first fact.

2For example, Cooley and Quadrini (2001)
3Koeppl, Monnet and Quintin (2008) have a model in which enforcement institutions are en-

dogenized, but individuals do not choose enforcement as a decision variable. I assume exogenous
differences in enforcement costs and derive the optimal choice of agents how much enforcement to

use.



To address the second question, I allow the entrepreneur to choose the project
type from a set of different possible types with differing risk and return characteris-
tics. When enforcement is more costly, high variance projects pose severe incentive
problems, and the initial utility offered to the entrepreneur is low. On the other hand,
increasing the mean of the productivity process increases the agent’s initial utility for
sure. Thus differences in enforcement costs change the nature of the mean-variance
trade-off. As enforcement cost declines, variance becomes less important and in the
limit of perfect enforcement, only the mean of the productivity process is relevant. (I
assume idisyncratic shocks.) Then differences in enforcement costs lead to endogenous
choice of technology with different means and volatility. In particular, if enforcement
is costly it is possible (but not necessary) that entrepreneurs will choose low mean,
low volatility firm type.

The rest of the paper is organized as follows. In the next section I describe the
model. First I show a static example that develops some intuition. Then I show the
link between sequential and recursive formulation of the relationship. Section 2.4.
presents the optimal allocations. I consider two applications in section 3 and briefly

conclude in section 4.

2 Principal-agent model

Technology Time is discrete and runs forever. There is one undifferentiated good
that can either be consumed or converted to capital. If a firm uses k units of capital

and is subject to productivity shock s, it produces
y=F(k,s). (1)

where F'(k,s) is a production function that is strictly increasing in both &k and s,
strictly concave in k for each s, differentiable and satisfies the Inada conditions:
limyg oo F'(k,s) < 1, Vs € S, limg_o F'(k,s) = oo, Vs € S. Capital is neces-
sary for production: F(0,s) = 0. Every active firm needs a manager to operate.
s is an idiosyncratic i.i.d. productivity shock that can take values in a finite set
S = {51,892, -+ ,sn}. Finally, sup,.q F(k,sn)/F(k,sny) < co. The timing of events

in the production process is as follows:



1. Capital k is invested at the beginning of the period.
2. Productivity shock s ~ 7(s) is realized and publicly observed.
3. Output F'(k,s) is produced and the invested capital fully depreciates.

Note that in this specification F(k,s) is gross output. For example, we can have
F(k,s) = sk? + (1 — d)k.

It is easy to incorporate labor into the model. Assume that the firm produces output
using capital and labor with production function G(k,l,s). Then F' is the profit
function: F(k,s) = max; G(k,l,s) — wl. The reason that F displays decreasing
returns to scale can be explained by the span of control model, introduced by Lucas
(1978), or by assuming monopolistically competitive firms facing a downward sloping

demand curve.

Preferences The entrepreneurs are risk-averse, and maximize discounted expected

utility.
Ey  Bu(c). (2)
=0

where § € (0,1) and w is a utility function with standard properties.
The other type of economic agents are investors. They are risk-neutral and max-
imize expected discounted net cash flows with the same discount factor 5. Equiva-

lently, they face gross interest rate R = 1//.

Principal-agent relationship Before specifying the equilibrium in the model, I
will consider an exclusive relationship between one agent and one investor (or princi-
pal).

The total surplus that can be created by operating the technology is the expected
period profit of investing k:

p(k) = 3 w(s) F(k, 1) — Rk (3)

i=1



The assumptions on F'(k, s) ensure that the profit function p(k) is strictly concave

and that it attains a maximum for some k* > 0.

Z w(s;)FL(k*,s;) = R. (4)

i=1

The optimal expected profit p* = p(k*) > 0. However, the agent is financially
constrained and needs outside investment. The principal cannot produce but she
can credibly commit to any contract, which gives her access to the capital markets.
Together the principal and agent can create some surplus.

If contracts can be costlessly enforced, the Modigliani-Miller theorems apply. Cap-
ital structure would be irrelevant and the optimal amount of capital £* will be in-
vested.

The friction is that the agent cannot commit to repaying the investor. At any
point, the agent has an option to default and end the relationship. The value to the
agent after a default is a function of available resources O(y). O(.) is some function
to be specified. It is assumed that it is increasing, differentiable and strictly concave.
inf,~o O(y) > infesou(c)/[1 — B] and sup,., O(y) < sup..qu(c)/[l — B]. In other
words O() corresponds to the utility of some possible consumption sequence. Different

possible outside options can be captured by specifying different function O(y).

1. Autarchy. The agent can operate the technology without the principal, but has

no access to capital markets after defaulting.

Oly) = maxE025jU(Cj(sj)) (5)

Co+k1 S Yy
¢i(s7) + ki () < F(ki(s77"),s5)

2. Agent has access to storage technology

O(y) = max) Fu(c) (6)
=0
cotrxry <y
¢+ T < R
R, < R

0]



3. Recontracting. The agent may enter into a new relationship in the future.

Oly) = maxu(e) + fu(y — o), (7

where v is the utility of the new relationship as a function of the resources the

agent brings and can be determined by some equilibrium condition.

4. Home production. If the agent can work in the labor market or has access to

some home production technology, then her value after a default would be:

g

Oy) = uly) + 5 —

u(w) (8)

In the applications I concentrate on the first two cases, but cases 3 and 4 show that

the agent need not consume zero if she defaults without any residual resources.
There are two ways for the principal to ensure payment: promise benefits in the

future if the agent stays in the contract or reduce the resources available after a

default. The second option is through formal enforcement.

Enforcement The principal has the option to use an enforcement technology. She
can ensure a payment of e, by spending «y(e) before production. An example of such
kind of investment would be a legal department which an intermediary would maintain
at all times. ~y(e) is assumed to be strictly convex, differentiable, v(0) = 0 and
lim._o7'(e) = 0, lim._ 7'(e) > 1. Since 7 is continuous everywhere, lim,_y(e) =
v(0) = 0, that is there are no fixed costs.

The timing of events in the relationship is as follows:
1. The principal spends 7(e) to ensure enforcement capacity e.

2. The principal invests k in the productive technology. (In the model, the agent
cannot expropriate the capital to be invested in the project. This assumption

can be relaxed.)
3. The productivity shock s is realized and output is F(k, s).
4. The agent decides what payment to make to the principal.

5. The principal can enforce payment up to e units.



2.1 Static Example

If the interaction between the principal and the agent is repeated, expectations for
the future utility of staying in the contract can provide the right incentive for the
agent to perform her contractual obligations. On the other hand, if the relationship
is one-period enforcement is the only way to ensure contract compliance. Thus to
highlight the role of enforcement I will look at a simplified static version of the model
first.

Let F(k,s) be given by

F(k,s) = sk’

and s is a continuous random variable with a cumulative distribution function G(s).
Assume that s has compact support: G(5) = 1 for some s < co. The agent has
some exogenous outside option v. Individual rationality imposes the constraint that
the agent’s utility from participating in the contract is at least v. The principal
chooses capital investment k, payment schedule from the agent to the principal b(s)
and enforcement capacity e. It is possible that b(s) is negative, that is the principal
subsidizes the agent after production.

Consumption is nonnegative and the agent has no other resources, thus we get
the following constraint:

b(s) < sk’ (9)

Let’s impose the constraint that the agent receives utility of exactly v:

/OS u(sk? — b(s))dG(s) = v (10)

The relationship is terminated when the period ends, therefore the principal can never

extract more than e units from the agent:
b(s) < e, a.s. (11)

Since the principal can commit, there is no corresponding incentive constraint on the
side of the principal.
The principal maximizes expected payments net of interest costs and enforcement

costs.
P(0) = max / b(s)dG(s) — Rk — Rr(c) (12)
,0(8),€e 0
subject to (8). (I0). (TI)

10



If there is no incentive problem, the principal will choose the optimal level of invest-
ment £* = (HES/R)%@ and consumption would be constant: b(s) = sk*! — u~1(v).
There is no incentive problem if prescribed payments are from the principal to the
agent. Therefore the first-best solution would be optimal if v > v* = u(sk*?).

Fix some k and e. The lowest utility that can be delivered, consistent with

incentive constraints, is:

v= /0S u(max{sk? — e,0})dG(s)

If v > v then there is a payment schedule that delivers the promised utility. Since
the agent is risk-averse, the optimal consumption schedule is as flat as possible and

in states in which the incentive constraints don’t bind consumption is constant.

Proposition 1 The optimal payment schedule is characterized by a cutoff level s
such that:
b(s):{e—i—(s—é)ke if s<§ (13)
e ifs>s
The cutoff level is determined by the promise-keeping constraints. Thus the cutoff
level 5(v, k, e) is an implicit function of promised utility v and k and e that satisfies

the following constraint:

S

G(35)u(3k? —e) + / u(sk? — e)dG(s) = v (14)

E
The implicit function theorem shows that the cutoff level is decreasing in capital in-
vested (at each productivity shock s there is now more output available to the agent,
so to keep the promised value transfers to the agent must be decreased) and is increas-
ing in promised value v and enforcement capacity e. For given k and e, the cutoff level
summarizes the incentive and promise-keeping constraints. Straightforward algebra

shows that the principal’s value is given by

5(v,k,e)
P(o) = max K’ / (s — (v, k, €))dG(s) + ¢ — Rk — Ry(e) (15)
€ 0
For example, if the agent’s utility function is CARA: u(c) = —exp(—c) and the

productivity shock is uniformly distributed on [0, 1], the cutoff level is determined by:

v exp(—k?)
exp(e) Ko

= — exp(—5k7) {% + s} (16)

11



Using the cutoff characterization, we can analyze the the relationship between

investment, enforcement and promised value.

Proposition 2 If v < v*, invested capital is suboptimal k < k* and is increasing in
v and converges to k*. Enforcement capacity is nonzero e > 0 and converges to zero

as v converges to v*.

The intuition is clear: in the presence of incentive constraints, increasing capital at the
margin distorts the consumption allocation. Therefore expected consumption must
increase, so the marginal benefit to the principal is lower than the expected marginal
product of capital. Therefore the first-best capital level would be suboptimal. When
the promised value is higher, the measure of the set of states in which the incentive
constraints do not bind is larger, therefore increasing capital brings higher marginal
benefits to the principal (in terms of lowering subsidies to the agent). Thus increasing
the promised value increases average consumption but increases expected output,
thus the principal’s profit converges to the first best as v increases. It is possible
to construct an example in which the principal’s profit is increasing in the promised
value.

From equation ([15]) we can see the role of enforcement for the principal. Increasing
enforcement allows for a more even consumption profile, which lower the average
consumption required for delivering the promised utility. Also, since it allows the
principal to capture a larger fraction of output it allows the principal to choose a more
efficient scale of production. This simple model shows that enforcement and capital
investment are complements. Since investment rises with promised utility, there are
benefits to the principal from increasing enforcement. On the other hand, a higher
promised utility implies that a larger share of output is given to the agent, reducing

the need for enforcement. Thus it is possible that enforcement is nonmonotone.

2.2 Dynamic Model

In this subsection I consider the dynamic model. The static relationship is repeated

indefinitely.

Contract There is no exogenous contract incompleteness and no private informa-

tion, so I allow the contract to be conditioned on all the available relevant information.

12



This means that the contractible variables can depend on the history of productivity
shocks s'. Thus the contract consists of: capital to be invested k;(s'~!), enforcement
capacity e;(s'™!) and repayment b;(s?). This is the most general formulation consis-
tent with the technology and information in the model: capital and enforcement must
be invested before the period productivity shock is observed, but the payment from
the agent (and hence consumption) can be conditioned on it.

Note that the contract specified here is very general and nests a lot of possibilities.
For example, if the agent stops producing after finite time and the expected cash flows
to the principal are nonpositive after every history (discounted at the appropriate
factor), then the contract is an annuity. If the expected payments are zero at the
beginning of the game, then the annuity is actuarially fair to the principal. Agent’s
consumption is provided by retaining part of the output or receiving a subsidy from
the principal. Therefore there is no restriction that the transfer be positive.

The contract induces the following total output in every period:
ye(s') = F(k(s"™), 50) (17)

It will be more convenient to work directly with consumption induced by the contract

cr(s') = y(s') — by(sh).
The expected utility to the agent after a history s/~! is given by the conditional

expectation:

USJI

Zﬁt Tufey(s")]|s7~ ] (18)

The principal is risk-neutral and wants to maximize expected discounted net cash

flows. Her payoff after a history of shocks s/~! is:

[e.e]

P = B zﬁ”[bxst)—z%t(st1>—Rv<et<s“>>nsj1]

o0

= B8t >—Rmst-l)—Rw(exst*))—q(st)ﬂsﬂ'*]. (19)

t=j

So, we can think that the principal’s objective function includes the total surplus of
the relationship net of enforcement costs and consumption for the agent.
The agent has some (unmodelled) outside option v and the contract that the

principal offers must give the agent expected utility of at least v. For the time being,

13



I will assume that the principal is constrained to deliver utility ezactly equal to v.

Therefore the promise-keeping constraint is:
vo(0) =v (20)

That is the utility of the agent with no history must be exactly equal to the outside

option.

Default The only decision the agent makes is how much to pay to the principal.
Since the principal can commit, obviously there is no incentive problem in the states
in which the principal makes a payment to the agent (c;(s') > y:(s')). T assume that
in the event of a default (payment less than the contracted) the principal exercises
the enforcement option, collects up to e;(s'~!) units from the agent and breaks off the
relationshipﬁ If the agent chooses to pay 0 < by(s'), she will leave the relationship
with max{y,(s") — b —e,0}. (It is assumed that the agent has no resources outside
this contract and the maximum the principal can extract is output net of the previous
payment.) If the agent decides to default, her utility would be O(max{y;(s") — b —
e,0}). Clearly the best option in this case is not to pay anything at all: ¥ = 0. Then
the contract is incentive-compatible if the agent’s utility from following the contract

is higher than the value of defaultingﬂ
u(ce(s')) + Buepi(sh) > O(max{y,(s') — e, (s'71),0}), Vs' €S (21)

The principal can credibly commit to a contract, and she would choose the con-

tract to maximize time-zero expected profit:

Pr(v) = Sup E |y Byels) = Rko(s'™") = Ry(eu(s™)) — ei(s")] (22)

subject to k;(s"1) >0, ¢,(s") > 0,e,(s") > 0, (20) and

4This is not an arbitrary assumption. It is possible to construct a game that in which the
principal’s actions are dependent on productivity shocks and the payments by the agent. If the

principal can commit, then the optimal strategy is as described above.
5This constraint may appear to be too strong: if the outside option is good enough in some state,

it may be more efficient for the principal to let the agent leave the contract. However, as long the
agent does not have access to better technology outside the contract, the principal can replicate the

autarchy allocation. Therefore this assumption is without loss of generality.

14



For any contract, the agent can default in the first period and get an outside option
of at least O(0). Therefore there is no feasible contract that delivers utility less than
0O(0). This implies that the principal’s value function is defined only for v > O(0). If
the agent has some unalienable asset (for example human capital) the contract must
deliver at least the reservation utility, associated with it. Obviously, promised utility
is also defined only if v < supu(c)/(1 — ). Therefore the principal’s value function
is defined only on the set V = (O(0),supu(c)/(1 — 53)).

2.3 Recursive formulation

The incentive constraints have an obvious recursive structure: they include current
consumption and expected continuation utility to provide incentives for payment.
Similarly, expected utility after each history can be decomposed into utility from
current consumption and from continuation utility. This recursive structure implies
that expected continuation utility is a sufficient statistic that encapsulates all the
information in the history.

In particular, we can rewrite the expected continuation utility as:

w(s) = E

}j@mwﬁaw”wﬂfll

T {u(ct(st_l, s;)) + OFE

EZﬁFHKQMSHUN@“E&J}

j=1

mi{u(e(s'™, s0) + o (s, s:) }

Similarly, we can rewrite the incentive constraint as follows:
u(c(s') + Buesi (s') = O(F (ke(s'™), 51) — ex(s™1))

In this section, we conjecture that c;(s!), ki(s'"™1), e;(s'™!) and vy, 1(s') can be ex-
pressed as a function of v;(s'™!) and s;. I will derive a recursive version of the
problem and then I will show that the conjecture is correct: the recursively generated
contract is the optimal one.

If an agent has some promised expected utility v, the contract would consist of

capital k, enforcement capacity e, consumption c(s) as a function of the productivity

15



shock s and continuation utility v’(s) as a function of the shock. The recursive

contract must satisfy the following constraints:

Zﬂi[u(c(si)) + Bv'(si)] = v (23)
u(c(s)) + pu(s) > O(max{F(k,s) —e,0}), VseS (24)
c(s) >0, k>0,e>0, v(s;) €V (25)

Equation (23] is the promise-keeping constraint and is the incentive con-
straint. For every state the utility the agent gets from following the contract must be
greater than the outside option of resources max{F'(k,s) — e, 0}.

Then the principal’s value function solves the following Bellman equation:

Pw) = sup > m[F(k,si) = Rk = Ry(e) = c(s;) + BP(0])] (26)

(k,cev’) T =
subject to —

Let’s denote the operator defined above by 7. In this section I will show that
it is a contraction on an appropriately defined function space. Then I will prove
that the supremum function P* is a fixed point of T" and lies in that function space,
therefore the solution to the Bellman equation is the supremum function. Finally, I
prove two technical results: the contract generated recursively attains the maximum
and satisfies all constraints and second, the value function is concave.

If we return to the sequence problem, we can find an upper and lower bound for
the supremum function.

First, for any v, set ki(s'™!) = 0, ¢,(s") = w1 ((1 — B)v) and e, (s'!) = 0 for all
histories. This allocation gives the principal:

—u”' (1= B)v)
1-p

This allocation satisfies all the constraints and is therefore a lower bound for the

Pi(v) = (27)

principal’s value, P;(v) < P(v).

On the other hand, if the incentive constraints are dropped, the optimal allocation
would be: ky(s') = k*, c;(s') = w1 ((1 —B)v) and e;(s=!) = 0 for all histories. In this
case, the value of the allocation for the principal would be:

1 —B)v)+ E(F(k*,s)) — RE* *
- _Pl(v)+1—ﬂ
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where p* = E(F(k*,s)) — Rk* > 0.

Py(v) is an upper bound for the principal’s value: P(v) < Py(v). Then the
principal’s value function must lie in the space of all functions defined on V and
within these two bounds. Let the function space be given by: D = {f : V — R :
Pi(v) < f(v) < Py(v)}. We can define a metric on this space in the usual way:
p(fi, f2) = ||fi — follo- This is a complete metric space and by construction it
is bounded: ||fi — falloo < p*/(1 — B). This implies that the Blackwell’s theorem
applies and the operator is a contraction if it maps that space to itself and it satisfies

monotonicity and discounting.

Proposition 3 The operator T is a contraction on D and the supremum function

P* is the unique fixed point on D.

Proof. In the appendix. m

The reasoning is standard: the operator satisfies monotonicity and discounting.
Then it is only necessary to show that the operator maps D into itself. For any
f € D it is feasible to invest nothing, and set consumption equal to u~*((1 — 3)v)and
continuation utility to be v. By the way we constructed the bounds, the value for
the principal of this contract is at least P;. On the other hand, since the operator is
monotone, T'f is less than T'P,, which in turn is less than P,. Then T is a contrac-
tion on D. Finally since the principal’s objective function and constraint set have a
recursive structure, we can separate an optimal sequence contract into current con-
sumption, investment and enforcement and continuation utility. This new contract
solves the Bellman equation. To summarize, this implies that the supremum function
P* is a fixed point of the operator. Moreover, P* is the unique fixed point since 7' is
a contraction.

The result above shows that we can analyze the problem with standard recursive
techniques. To complete the characterization I need to show to additional techni-
cal results. First, the principal’s value function is continuous and the optimum is
attained. Second, the allocation generated recursively from the optimal policies sat-
isfies the sequential constraints and attains the optimum in the original sequence

problem.

Lemma 1 The principal’s value function P* is continuous and for each v € V there

exists some contract (k,c,e,v") that solves the Bellman equation.
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Proof. In the appendix. m

The operator is a contraction therefore it is sufficient to show that the operator
maps the space of continuous functions in D to itself. The maximum theorem cannot
be applied directly, however, since the feasibility correspondence is not compact-
valued. In the appendix I show that we can use the fact that T'f is in D for every f €
D to impose some additional nonbinding constraints that make the correspondence
continuous and compact-valued.

I have shown that the maximum is attained. The maximum theorem implies that
the maximizer is an upper hemi-continuous correspondence. It is possible to choose
some policy functions such that k(v),¢;(v),e(v),v'(v) is a maximizer. (Since the
shocks take finitely many values, any such selection will be a measurable function).
After proving some preliminary results, I show that the maximizer is a single-valued
correspondence, and therefore a continuous function.

With this characterization in hand, I can start to show a few obvious results.
Lemma 2 For any v € V, k(v) < k*.

Proof. Assume that £ > k*. Then decreasing k to k* increases E'F(k,s) — Rk
and leaves all the constraints satisfied. Therefore this is a superior contract, which

gives a cotradiction. m

This implies that for any (even suboptimal) process for promised utility, the re-
sources available to the agent in the event of a default are bounded from above by
F(k*,sy) after every history. Then if promised utility v > v* = O(F(k*,sy)) the

incentive constraints will not bind in any state and the first-best solution is feasible.
Lemma 3 Ifv > v*, P*(v) = PFB(v).

Proof. Note that k = k*, ¢; = u'((1 — B)v), v/ = v and e = 0 is a feasible

contract. Assume that it is not the optimal contract. Then:

P*(v) > p" —u (1= B)v) + BP"(v)

* P’ u ' ((1=B)v)  rp
P(U)>1_ﬁ - = P"7(v)
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Which is a contradiction since P*(v) < P¥B(v). The result follows directly. m

This lemma also implies that if v > v*, v}(v) = v and k(v) = k*.

A second technical issue is whether the recursively generated allocation satisfies
the constraints in the original problem and whether that allocation actually attains
the maximum in the supremum problem. The incentive constraints will be satisfied if
the allocation generated recursively delivers the utility promised at some initial date.ﬁ

Let 0:(s'™1) be the process for promised utility the policy functions induce: @y = v
and vy(s"™!) = v/ (04_1(s""2?),5,.1). Then the policy functions induce the follow-
ing process for consumption, investment and enforcement: c;(s!) = c(v:(s'1), sy),
k(™) = k(0u(s'™)), e(s'™1) = e(Bi(s'™)).

Applying the promise-keeping constraint inductively, we get:

t

vy = Z F Eu(c;(s) + B By (sh)

j=0
= Y FEu(g(s) + lim f B (s") (29)
j=0

Similarly, applying the Bellman equation successively, we get:

t

Pi(vg) = Y FE{F(ku(s"),8)) = ¢5(s)) = Rkj("™") + ()} + BT EP (B (s"))

= S PEF(),5) — 6ls") = RO( ) + el )} + Jim 07 EP (5 (80)

Therefore to show that the contract satisfies the constraints I need to show that
B Ev 1 (s") and B'EP*(0,,1(s")) converge to zero. Both of these inequality follow

from the bounds on the principal’s value function.

Theorem 1 The allocation generated recursively from the policy functions satisfies
all the constraints in the sequence problem and attains the mazimum of the principal’s

problem.

6This is in contrast with private information environments in which sequential promise-keeping
and the recursive incentive constraint do not imply the sequential incentive constraint directly. The
reason for that is that with hidden information, the agent can deviate from the prescribed behavior
and stay in the relationship. This implies the possibility of deviations in infinite number of periods.

In my model, the relationship ends after the first deviation, thus infinite deviations are not possible.
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Proof. In the appendix. m

This result allows to switch between sequential and recursive contracts, when
characterizing the dynamics of the relationship. In particular any constraints on
the optimal sequential contract, place the same constraint on the recursive policy

functions.

2.4 Optimal allocations

I have shown the equivalency between the sequential and the recursive formulations
of the problem and can now start to analyze the optimal allocations in the contract.

First, let us revisit the promise-keeping constraint. In the recursive formulation,
I have constrained the principal to deliver ezactly the promised utility v. If the
interpretation of the promise-keeping constraint is that it is a participation constraint,
then the promise-keeping constraint need to keep with inequality. In this model
increasing the agent’s promised utility does not affect the incentives (it can loosen
some of the constraints), therefore the principal can choose to deliver more than v, at
date 0, but the promise-keeping constraint will hold with equality in all subsequent
periods.

Let A be defined as the set of promised utilities such that increasing the agent’s
promised utility lowers the principal’s profit. A={v eV : V' >v,v € V: P*(v) >
P*(v")}. This set is nonempty since P* is strictly decreasing if v > v*. If the initial
utility vy € A, then expected utility v;(s'~!) € A. In the beginning of the contract,
the principal may offer the agent some starting utility higher than her outside option

(to increase their own profit), but in all subsequent periods the constraint will bind.
Lemma 4 If vy € A, then for any history of shocks v,(s'™!) € A.

Proof. It is sufficient to show that if v € A, then v}(v) € A for all i. As-
sume not. Then for some j, v(v) ¢ A, which implies that for some 9; > v}(v),
P*(9;) > P*(vj(v)). Then if we modify the contract to change v}(v) to ¥;, we deliver
utility o = v+ 07;(0; —v}(v)) at an increased profit of P*(v)+ Bm;[P*(v;) — P*(v;(v))]

which contradicts the assumption that v € A. m
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This lemma implies that only the decreasing part of the principal’s value function
is relevant. In the rest of this paper, I will only consider optimal allocations for
v € A. Moreover, if a contract can be modified to increase the agent’s utility without
decreasing the principal’s profit, the original contract cannot be optimal.

Using this result, I show that the maximizing correspondence is single-valued.
The theorem of the maximum guarantees that the correspondence is upper hemi-
continuous, therefore the policy functions are continuous. I make two assumptions:
on the outside option and on the productive technology, that are sufficient (but not

necessary) conditions.

Assumption 1 For any y; >0, y2 >0, A € [0, 1]

O(Ayr + (1 = ANyz) < u M (L= B)0(y)) + (1= Nu (1 = B)O(12))]

1-p

For example, this assumption would be satisfied if the agent uses a storage tech-

nology after defaulting.

Assumption 2 F'(k,s) = sf(k)+(1—9)k, where f is strictly concave, differentiable

and satisfies the Inada conditions.

Lemma 5 For anyv € A and O that satisfies the assumptions above, the maximizing

correspondence 1s single-valued.

Proof. In the appendix. m

If the policy correspondences are not single-valued, for some vy there will be two
allocations that give the same profit to the principal and satisfy the promise-keeping
and incentive constraints. Since the agent is risk-averse, for a given sequence of
promise-keeping and incentive constraints, there is a unique optimal consumption
sequence. Thus, there must be differences in investment and enforcement. I use the
assumptions above to construct a third allocation that delivers higher utility level at
the same profit to the principal, which is a contradiction.

Using the same idea, I can show that the principal’s value function is strictly

concave on A.
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Lemma 6 P*(v) is strictly concave on A. Moreover, if vi,v9 € V,v1 # vy and
A € (0,1), then there exists some vy > Avy + (1 — X)vg, such that P*(vs) > AP*(vy) +
(1 = X\)P*(vs).

Proof. In the appendix. m

It is easy to use the Benveniste-Scheinkman theorem and establish differentiability

of the value function on the subset of ¥V where P* is concave.
Lemma 7 P* is differentiable on the interior of A.

Proof. In the appendix. m

The fact that the principal’s value function is concave on the relevant range allows
us to characterize the contract for given k£ and e. Similar to the static example, the

principal tries to keep the consumption profile of the agent as smooth as possible.

Proposition 4 There is a threshold state j such that the incentive constraint binds
for states j, j+1,--- , N and is loose for states 1,2 --- | j—1. If the incentive constraint

is loose in states i and i, then ¢; = ¢y, v = vl,.

Proof. Assume that the incentive constraint is binding in state ¢ and loose in state
i > i. Then we can increase consumption in state 7 and decrease consumption in
state 7" keeping the incentive and promise-keeping constraints and lowering average
consumption. If consumption is the same in the two states, we can decrease v,
and increase v, again keeping all the constraints satisfied and increase the principal’s
value. This also proves that consumption and continuation utility are the same in
states where the incentive constraints are not binding. m

Consumption and continuation utility in state ¢ always appear jointly in the incen-
tive and promise-keeping constraints. Define w; = u(¢;) + Sv]. Then the proposition

above simply states that

w if i € {1,2,---,5—1}
W; = .
O(F(k,s;) —e) ifie{jj+1,--- N}
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w is determined by the promise-keeping constraint:

v — Z’f\ij ;W5
=N
1-— Zizj Uy

If enforcement is not possible, the investment that the principal can make is limited

W =

by the inequality v > EO(F(k,s)). The principal will tend to underinvest because
high capital violates the incentive constraints and it requires inefficient spreading
of consumption and continuation utility. Enforcement makes investing more capital
incentive compatible and it also allows more smooth consumption profile, lowering
average consumption for a given promised utility v.

Now I turn to optimal investment and enforcement. First, the Inada properties
of the production and enforcement cost functions ensure that we will have an interior

solution.

Proposition 5 Investment k(v) > 0 for all v and k(v) < k* if v < v*, k(v) = k if
v > v*. Enforcement e(v) > 0 if v < v* and e(v) =0 if v > v*.

Proof. If v > v*, then the first-best contract (k(v) = k*, ¢;(v) = u—1((1—0)v), vi(v) =
v,e(v) = 0) is incentive-compatible. Now assume that v < v*. If k(v) = 0, at
the optimum e(v) = 0, since positive enforcement provides no incentives and it
is costly. Then setting investment to k and enforcement to e = F(k,sy) keeps
all the incentive constraints. The new allocation changes the principal’s value by
EF(k,s) — Rk — Ry(F(k,sn)). The Inada properties of F' and 7 ensure that if &k
is small enough this increases the principal’s profit. Now assume that k(v) = k*. If
e > 0, then reduce k and reduce e to keep the incentive constraints satisfied. If e = 0,
reduce k and reduce the spread of consumption and v’. Since FF'(k*;s) — R = 0,
in both cases the modification of the contract increases profits. Finally, assume that
e = 0. Increase k (k < k*) and set e = F'(k,sy). The Inada conditions ensure that
this modification is profitable. m

From the characterization of the allocation given by proposition [4] it follows that
if O(F(k,s,)) > v there are no incentive problems. Then if h(k) = O(F(k, sy)), then
a lower bound for investment would be £ = h™!(v). The lower bound is monotonically

increasing in v. Then clearly, as in the static case, increasing v reduces the distortions
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due to lower investment. This implies that the principal will have an incentive to raise

utility over time.

Lemma 8 If u(c;(v)) + pui(v) > v*, then vi(v) = u(c(v))/(1 — B) If u(c;(v)) +
Bui(v) < v*, then vi(v) > u(c;(v)) + Bvi(v).

Proof. In the appendix. m

The intuition is that increasing promised utility is costly (due to inefficient pattern
of consumption), but allows the principal to increase investment closer to k*. Taking
expectations over the states implies that F(v') > v if v < v*. Then promised utility
is a submartingale. The submartingale convergence theorem implies that promised

utility converges to v* almost surely, until the incentive constraints cease to bind.
Proposition 6 v, converges to max{v*, vy} almost surely.

Proof. In the appendix. =
Since k(v) is a continuous and bounded function of v (0 < k(v) < k*) the proposi-
tion above implies that over time average investment converges to the first-best level

of investment k*.
Proposition 7 k; converges to k* in L;.

Proof. Since k; < k*, we have that E|k; — k*| = k* — Ek;. ki = k(v;) and therefore
|k¢| < k*. Therefore by he Lebesgue Dominated Convergence theorem, lim;_,, Fk; =
Elimy o k. But ky, = k(v;) and k is continuous, therefore lim;, . k; = k* a.s.
Therefore limy_.o, Ek; = k* and k; —% k*. m

3 Applications

In this section I show that the model developed in section 2, can be applied directly
to study two applications: firm dynamics and economic development. My focus is on
stationary equilibria. As I have demonstrated, in the long run all firms produce at
the efficient scale and the incentive frictions cease to bind. The cost of enforcement
affects the speed at which the constraints are relaxed and the scale of operation

of entrepreneurs of different ages. To analyze the two applications, I modify the
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basic model minimally. I assume that entrepreneurs die at the end of the period
at an exogenous probability 7y, which translates to an exogenous firm destruction

probability.

y1 = F(k,s1)
cl
u(ct) + B(1-md)v'(s1) 20(y1-e)

Agent dies.
yi = F(k,si)
ci

Relationship
y ends
u(ci) + B1-md)v'(si) 2O(yi-e) | i
N Promised

v,k e T

utility vi
yN = F(k,sN)
cN
u(cN) + B(1-rd)v'(sN) =O(yN-e)
t t+1

The agent maximizes expected utility:

D T - mg) [Z 7T(St)U(ct(St))] (31)

t=0 st

The principal is assumed to be immortal. If entrepreneurs are alive at the be-
ginning of the period, they will produce and consume for certain, therefore the
cash flow to the the principal, conditional on survival at date ¢ and history s’ is
F(ky(s'1 s1) —ci(s') — R(ke (s 1) +v(es(s'71)). After the agent dies there are no sub-
sequent payments. There are no additional assets the principal is entitled to, since
F(k, s) is gross output and includes undepreciated capital. Then the value for the

principal of a contract is:

D BT L= Y () [F(ki(s™" s) = culs) = R(ko(s™™) +y(el(s'™))] (32)
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Inspecting the value of the principal and entrepreneur, we see that they are identical
to the basic model with discount factor § = G(1 — 7). The gross interest rate within
a period (when survival probability is 1) is R and between periods is R/(1 — 7).

In the basic model I did not impose the restriction that RG = 1, only that the
principal and the agent have the same discount factors. Thus all the results from
section carry over without any modification.

In order to look at applications, I need to specify initial utility vy. Once it is
pinned down, the policy function give a unique sequence of observable variables:
investment, consumption and enforcement. I assume that financial intermediaries are
competitive and at the beginning of the relationship offer a contract maximizing the

agent’s utility, subject to break-even constraints:
vg =sup{v € V: P*(v) > c}, (33)

where ¢ > 0 is a set-up cost. If ¢ is sufficiently low, the principal will break even for
some v and vg is well-defined. Also vg € A by definition. If the outside option for the
agent is very bad, that is v* = O(F(k*, sy)) is very low, incentive problems will not
exist in equilibrium. In other words if P¥B(v*) > ¢, the incentive constraints will not
bind in equilibrium. In what follows, I assume that this is not the case.

The policy functions and initial promised utility vy, induce a distribution of
promised utilities at date t (conditional on survival). Let p; be the measure of
promised utilities. Then for a set B C V, uo(A) = 1 if vy € A and zero otherwise.
Then p; are defined recursively by

mim) = | [Z mb;(v))] i1 (). (34)

If we assume that there is a continuum of agents and that the productivity shocks
are idiosyncratic, the law of large numbers implies that u; is not only a probability
measure, but it also describes the mass of firms of age ¢.

I concentrate on stationary equilibria in the following applications. I assume that
a mass of my entrepreneurs are born at the beginning of every period. They have no
resources when they are born so they are entitled to vg. Therefore the following is

the time-invariant measure of agents’ utilities:

u(B) =3 mall — 7a) u(B) (35)
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With that measure and the policy function for investment, we can find the aggre-

gate capital invested in the economy:

K = / E(0)dyae(0) (36)

There is no aggregate resource constraint in the model, since the principal can borrow

or lend at the risk-free rate with the rest of the world.

3.1 Firm Dynamics

The role of borrowing constraints for the organization of production is a question of
huge interest. For example, Cabral and Mata (2003) and Cooley and Quadrini (2001)
document that young firms are financially constrained. Moreover, the distribution of
firms sizes varies significantly by cohort. For young firms, the distribution is skewed
to the right and it evolves towards a more symmetric distribution over time. Cabral
and Mata (2003) argue that this change over time is not due to selection effects, but
to the relaxation of financing constraints.

An interesting question that this model can address is how differences in en-
forcement cost affect the dynamics of investment and the cross-section of firms in
equilibrium.

To explore this question, I consider a simple numerical example. The numerical
values are not calibrated, but are chosen to be consistent with commonly used val-
ues. I assume log preferences and technology F(k,s) = sk? + (1 — 6)k. s is a 7-state

approximation to a log-normal stochastic process. y(e) = a;e?.

Source

I} 0.96 Real interest rate = 0.04
g 0.045 Cooley and Quadrini

0.36

0.05 Standard value
5 1 Standardization
o(s)/s| 0.75
a1 0.01 | 10% upper bound on enforcement cost
Qg 0.03
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Figure 1: Average investment in firms as a function of age.

6 = 0.36 comes from the assumption that the share of capital in proprietor’s
income is the same as in other sectors.

The first result of the numerical example is about average capital and capital-

output ratios:

a=001|a=003
k/k* | 0.79 0.75
kly | 3.2746 | 3.1622

As expected, lowering the enforcement cost allows the principal to invest at a more
efficient scale and average capital is closer to the first-best if enforcement is cheaper.

Next, I plot average investment for a surviving firm of a particular cohort.

Lower enforcement cost allows the principal to offer higher initial utility. So
younger firms in economies with good enforcement are less constrained. However,
dynamic incentives are more important in economies with high enforcement costs, so

these firms grow faster and get to the first-best investment level faster - eventually
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Figure 2: Coeflicient of variation of firms sizes.

their average size overcomes firms in economies with lower enforcement costs.

A similar pattern can be observed in the variation of firm sizes. In figure 2, I plot
the coefficient of variation of firm sizes of firms of a particular cohort. The history of
productivity shocks matters more for firms in economies with high enforcement costs.
Increased variation of firm sizes is inefficient if the production function is strictly

concave.

3.2 Economic Development

In this section, I show how a basic modification of the model can be used to address
the role of enforcement frictions in economic development. This paper relates to
two connected fields of research. First, there is a vast literature linking economic
development and the degree of the financial intermediation. For example, King and

Levine (1993) show that the development of financial intermediation, measured by
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the ratio of outside financing to GDP, is strongly correlated to GDP per capitam

Second, the degree of property rights protection and the quality of institutions
enforcing contracts have been advanced as important causal factors for economic de-
velopment. In two important papers Djankov et al (2003) and Djankov et al (2008)
show that an index of enforcement quality varies very widely across countries. More-
over, they find a very strong correlation between economic development and their
measure of enforcement quality. Figure 3 summarizes that evidence.

In my model, enforcement is a decision variable by the principal and its use is
affected by its cost. Thus I show how differences in enforcement cost affects the
efficiency of financial intermediation and, through it, incomes per capita.

As in the previous application, I will consider the stationary equilibria of two
small open economies which are identical in all respects, except for enforcement cost:
vi(e) = a;y(e), where 7 is the country index and «; > ap. In this situation, we think
of country 2 as the relatively less developed. (Enforcement frictions are more severe.)

Enforcement costs affect economic development through two mechanisms. The
first is through inefficient firm size. The distribution of firm sizes in developing coun-
tries is markedly different from developed ones. Tybout (2000) demonstrates that
firms sizes (measured by labor) are much smaller in developing countries. The nega-
tive correlation between average firm size and and income per capita persists both in
cross section and across time. Moreover, since there is a substantial informal small-
scale sector in developing countries, small firms are probably undercounted in esti-
mates of firm size distributions in developing countries. Binding financial constraints,
lead to inefficiently small firms (the entrepreneurial input is not used efficiently).

As shown above, increasing enforcement costs leads to firms that are smaller
on average, and the variance of firm sizes is higher. Assuming concave production
function, this reduces aggregate output. I have demonstrated these effects above.

The second mechanism is through endogenous choice of technology. Hall and
Jones (1999) and Klenow and Rodriguez-Clare (1997) show that less than 50% of
income per capita differences can be explained by differences in capital-output ratios

and human capital. The remainder is attributed to differences in TFP.

TA very inexhaustive list of quantitative papers that explore this issue would include
Quintin(2008), Townsend and Ueda (2006), Castro, Clementi and MacDonald (2004).
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The model can easily accommodate technology choice and deliver a theory of TFP.
Assume that at the moment of birth, the agent has access to a finite set of stochastic
technologies S. After the agent has specialized in a technology s € S, she cannot
learn a new technology. Since the intermediaries are competitive, there is a function

relating technological choice and enforcement cost in the country and initial utility.
vo(s, ) =sup{v € V: P*(v;s,a) > ¢}, (37)

where P*(v;s, ) is the principal’s value of delivering v, if the agent uses technology
s and her enforcement cost is ay(e).

Then the choice of technology will maximize date zero utility: s(«) = arg maxges vo(s, a).

Let’s assume that F'(k,s) = sf(k) + (1 — )k for some strictly concave and differ-
entiable function f(k). Then in the absence of enforcement constraints, the optimal
choice of s depends only on the mean of the process. (All productivity shocks are id-
iosyncratic.) However, in the presence of incentive problems, increasing the variance
may affect the incentive constraints, and thus reduce the agent’s initial utility.

I will consider a particular type of stochastic process for concreteness. Let the
stochastic process take two values s1 = 5 — A, s9 = 5+ A and m = m = 1/2.
o(s) = A. Increasing A is a mean-preserving spread of s. Increasing A to A’ makes
the binding incentive constraints more severe, increasing the resources after a default
by (A" — A)f(k). However, the outside option may itself be affected by a change
in s. (For example, the outside option may be derived from autarchy after default.)
Increasing A would raise the amount of resources after a default, but on the other
hand would make the autarchy production more risky and decrease continuation
utility. For A small enough, the former effect dominates the latter.

For example if u(c) = log(c), F(k,s) = sk’ then for any k, and e the outside
option autarchy would be:
log((5 + A)k? —e) N Bllog(s — A) +log(s + A)]/2

T—ap A= af)(1-7)

where T' is a constant that does not depend on A. Increasing A from 0 raises the

O(G+ A —e) = + T,

outside option, creating incentives for default. Since the incentive problems are less
severe if enforcement costs are lower, I will show that for some parameter values, high
mean - high variance stochastic process will be chosen if enforcement costs are low

and vice-versa if they are high.
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Proposition 8 There exist two productivily processes 81 and sy such that Es; < s,,

o(s1) < o(sg) and ay > ay such that s(ay) = s; and s(az) = so.

Proof. In the appendix. m

This proposition implies that the economy with the low enforcement cost (de-
veloped economy) would choose the more productive process and an economy with
high enforcement costs would choose the less productive, but less volatile stochastic

process.

4 Conclusions

In this paper, I develop a tractable model of capital accumulation and investment in
the presence of costly enforcement. The principal can enforce compliance with the
contract, but that is costly. Allowing the principal to commit to enforcement (al-
ternatively, purchasing the enforcement capacity in advance) simplifies the incentive
constraints and allows an efficient computation of the model using recursive tech-
niques.

The model implies that enforcement is never the sole method of providing incen-
tives and that investment will generally be distorted. Over time, the agent’s utility
(interpreted as equity) rises and the incentive constraints are relaxed.

The model described above is very abstract. In particular, a principal performs a
variety of functions (financing investment, providing consumption insurance, allocat-
ing consumption over time) that would be performed by many financial institution
in a real economy. Therefore the model implicitly assumes that all the financial in-
termediaries in a relationship with the agent can coordinate their actions costlessly
and that the agent cannot enter into unobserved relationships.

If there are no frictions and financial intermediaries are competitive, this assump-
tion does not affect the equilibrium outcomes. However, we know that in private
information environments, private saving can constrain the allocations the principal

can offerE] This is relevant in my model as well: if the agent can save privately, she

8For example in the model of income insurance with hidden saving by Cole and Kocherlakota

(2001), after each history the agent receives zero net expected discounted transfers from the prin-
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may build up a stock of saving which would increase the value of the outside option
and create incentives for default. In this paper I assume that private saving is not
possible. I show that if the outside option is derived from access to storage technology
(case 2), this assumption does not bind.

A second issue that the paper abstracts from is the presence of frictions in the rela-
tionship between firms. If enforcement frictions constrain the kinds of deals firms can
make, then there will be a benefit of vertical integration: one owner would internalize
the frictions and improve efficiency. I have excluded this possibility by assuming a
one-sector model. There are also benefits from horizontal expansion. The concave
production function pins down an efficient production scale. If an agent is financially
unconstrained, it would be efficient if she operates more than one establishments. In
my model there is no distinction between firms, establishments and entrepreneurs.
This is explained by the fact that each establishment requires managerial input and
there may be enforcement frictions within a multi-establishment firm itself.

The model provides a feasible framework to study a variety of problems. In partic-
ular, I show that differences in enforcement cost have implications for firm dynamics.
If enforcement is cheaper, firms start off bigger (in capital) and grow slower. In
the case of economic development, the model can allow for endogenous technological
choice. For some parameter values, the economies with higher enforcement cost will

choose technologies with low mean and low variance.

cipal, which restricts the scope of possible insurance. Similar problems exist in the unemployment

insurance literature.
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Figure 3: Index of enforcement quality, plotted against per capita PPP income.

Sources: Doing Business Database, World Bank; PW'T 6.2.
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A Appendix

A.1 Static Example

Proposition 1

Proof. The problem can be rewritten as:

max /0 Pk, $)dG(s) — R(k + ~(e) /0 = (u(s))dG (s) (39)

subject to/ u =0
u(s) > u(max{F(k,s) —e O})

That’s a strictly concave objective function with a convex constraint set that has
a nonempty interior. Then by theorem 8.3.1 in Luenberger (1969) there exist La-
grangian multipliers A, 7(s) such that the optimum c(s) solves the Lagrangian. Then

by taking the Gateaux derivative, we establish the result. m

Proposition 2

Proof. Assume k > k*. Then from [3§ we know that decreasing k to k* increases
the principal’s profit without affecting the incentives. Now assume that k = k* for
some v < v*. Decreasing k& marginally has second order effects on output net of
interest costs, but relaxes the constraint on a set of positive measure and allows

either reduction of enforcement or more efficient consumption profile. m

A.2 Value function

Denote the feasibility correspondence by I'(v). If we have a contract (k,c,e,v’) and

f € D, then define the value of that contract with continuation function f as:
P(k,c.e,v's f) = BIF(k,s:) — ci — R(k + €) + Bf(v})]
Thus:

Tf= s  P(kced;f)
(k,c,e,v”)ET(v)

Lemma A.1 If f1(v) < fa(v) for all v, then T f1(v) < T fo(v) for all v.
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Proof. For any (k,c,e,v') € T'(v), P(k,c,e,v; fi) < P(k,c,e,v'; f). Then
Tfl(v) = sup P(k’,c,@,’l},;f1> S sup P(kz,c,e,v';fl) = Tf?(v)

(k,c,ev")eTl’(v) (k,c,e,v” )€l (v)

Lemma A.2 For any scalar a € R, T(f + a)(v) < Tf(v) + Ba

Proof. For any (k,b,e,v") € I'(v), P(k,b,e,v"; f +a) = P(k,b,e,v'; f) + Sa. Then

T(f+a)(v)= sup  P(k,bev';f+a) < sup  P(kbe'; f)+0a=Tf2(v)+ba
(k,b,e,v")eD(v) (k,b,e,v")eT (v)

|
Lemma A.3 If f € D, thenTf € D.

Proof. Fix some v. It is feasible to set k = 0, b; = —u"'((1 — B)v), v} = v, e = 0.
Then

—u" (1= B)) + Bf(v)

> —u'((1 = B)v) + BPi(v)
= Pi(v)

Tf(v)

v

For every f € D, f(v) < Py(v). Then by lemma [Al Tf < TP, legP;. Then
TfeD. =m

Then the Blackwell’s theorem implies that the operator 1" is a contraction on D.
I showed that P* € D. So, the final step is to show that T'P* = P*.

Lemma A.4 P* solves the Bellman equation.

Proof.

Consider an arbitrary feasible allocation that satisfies the incentive constraints.

/

Then define the contract k = ko, ¢; = ¢o(s;), e = eg, v, = v(s;). This contract is

incentive-compatible and feasible.

TP*(v)

v

E[F(k,s;) — ¢; + BP*(v;)] — R(k +¢)

t=1

> B Ely(sh) — ai(s') — Rlku(s"™ ) + ex(s'))]
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This implies that

TP (v) 2 e )ZﬁtE[yt(St) —ci(s") = R(ki(s'™") + eo(s'™))]
P

Now I need to show that P*(v) > T P*(v) for all v. To reach a contradiction, suppose
that TP*(v) — P*(v) > € > 0 for some v. By definition, there exists some (k, ¢;, v}, e)
such that

E[F(k,s;) —c¢; + 5*P(v})] — R(k +¢e) > TP*(v) —¢/3

and (k,b;, v}, e) satisfy the promise-keeping and incentive-compatibility constraints.
By the definition of P, for each i there is a contract (k% 0%, e’) that is incentive

compatible, delivers promised utility v, and satisfies:

o

Y BEIF(yi(s) = ci(s') = R(ki(s"™) +¢i(s'™) > P*(v)) — ¢/[36m]

t=0

Then construct the sequence contract by: ko = k, ki(s;, s"72) = ki_(s'72),e0 = e,

t—2) t—2)

ei(si, 8772 = el [ (s'72), co(si) = i, (84, 871) = ¢t (s*™1). That sequence contract
satisfies all the constraints and its value would be greater than P*(v) — e which is a

contradiction. m

Proposition 3
Proof. By lemmas [A.1] |A.2| and [A.3| and the Blackwell theorem, we know that

T is a contraction on D. D is a complete metric space, therefore the operator T" has

a unique fixed point in D. Finally, lemma shows that P* is the unique solution

of the Bellman equation on D. m
Lemma A.5 Without loss of generality, k(v) < k*.

Proof. Assume k£ > k*. Then decreasing investment to k* relaxes the incentive
constraints and increases EF(k, s) — Rk, thus strictly increasing the principal’s profit.

A contradiction. =

Lemma A.6 Without loss of generality, e(v) < F(k*, sy).
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Proof. Assume e > e¢* = F(k*,sy). From lemma k < k*. Then the resources
available to the agent after a default is 0 < max{F(k,s;) —e,0} < max{F(k*,s;) —

e*,0} = 0. Thus decreasing enforcement to e* increases the principal’s profit. m

Lemma A.7 For any the optimal policy v} is bounded from below and from above by

continuous functions g1(v) and go(v) respectively.

Proof.
Let p* = EF(k*,s) — Rk*. The principal’s value from a contract is:

P(k,c.e,v; f) = EF(k s) — R(/f ( )) —E(Cj) +5Ef(vj)
. ( Fz)p* P ufl((l — B)vi)
<SP0 3 + O iy 5
p* ﬂﬂz /
1_6 1—5 (1= B)vy)

I showed that there exists a feasible contract that gives the principal value at least
(1 = B)v)/(1 — B). Therefore, without loss of generality, I can impose the

following constraint:

P(k,ce,v'; f) > —u™((1 = B)v)/(1 - B)

Combining these inequalities, we get:

P’ fri 4 / u (1= B)v)
-5 1-3" ((1—5)%)2—?
o< " {p* +u (1 - 5)“)}

‘T1-p B

,8 min]-{7rj}

Therefore a lower bound for " would be gy(v) = ﬁu [w]

Now I derive a lower bound for v’
First, assume that u(c) is bounded from below. Without loss of generality we
can assume that «(0) = 0. Then v} > 0. So set g1(v) = 0. Now assume that

lim, g u(c) = —oo. From the promise-keeping constraint:

Eu(¢;) = v— (BEv;
> v —f(1—m)g(v) — By
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Since u is concave, E(¢;) > u ' (Fu(c)) > u v — B(1 — 7;)g2(v) — Bmvl]. Thus:

P(k,c,e,v’; f) = EF(k,s) — R(k+~(e)) — E(c;) + BEf(v;)
< pr—u o = B(1 = m)ga(v) — Brv)] + BEf (v))

< —u v - B(1 —m)ge(v) — Brv]] + L

1-p

Proceeding as before and combining the two inequalities, we get:

P u (1= B)v)

-5 1-5
{U_ml—mmxw—u'ﬁ+u;§;_mw}}

To get an uniform lower bound for v} then set g;(v) to be the minimum (over i) of

—u o — B(1 — m)ga(v) — Brvl] +

/
v; >

i

the expression above. By construction g; and g, are continuous. m

Lemma A.8 Without loss of generality, consumption c; is bounded from below and

above by continuous functions g3 and g4 respectively.

Proof. First, I derive an upper bound for c.

P(k,c,e,v's f) = EF(k,s)— R(k+~(e) — E(c;) + BEf(v;)
< pt—mc+ 5Ef(U;')

*

p
1=p

Using the lower bound for the principal’s value, we get:

(e

IN

— TG

Now, I consider the lower bound for c¢. If w(0) = 0, then set g3(v) = 0. Assume

not. From the promise-keeping constraint:

v — Bu(c)) LU= (1 = m)u(ga(v)) — mul(c;)

b=—7p < 5
* —1 _ /
e
_ o (BB

= 1.3 1-3
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The principal’s value is

P(k,c,e,v'; f)

EF(k,s) = R(k+(e)) — E(c;) + BEf(v))
< p"+ BEf(v})
pr B o1 {1 -3
1-5 1- 3
Using the lower bound of the principal’s value, we get:
”Z“A{%(v—u—wwwm@»—1fﬁuvﬁ+wjy—6wq)}

Note that, by construction, this lower bound is well-defined and strictly positive.

IN

w—(vwmw%w»—quﬂ

Take the minimum over ¢ to find a uniform bound and set that to be gs3(v). m

Lemma [1]

Proof. The operator T is a contraction and the set of continuous functions in D
is complete, therefore I need to show that the operator T' maps continuous function to
continuous functions. Let I'(v) denote the feasibility correspondence. Define A(v) =
[0, %] % [g3(v), ga(0)]V x [0, F(k*, 55)] X [91(v), ga(v)]". Define T'(v) = T'(v) [ A(v)
to be the correspondence of feasible contracts that satisfy this additional constraints.
Lemmas [A.5] [A.8] [A.6] and [A.7] state that without loss of generality we can take the

supremum in f‘(v).

P(k,c,e,v'; f) is continuous on Gr(I'), and the theorem of the maximum implies
that it is sufficient to show that I is compact-valued and continuous.

Let the sequence (K, ¢!, ', v"") € I'(v) for some fixed v and converge to (k, ¢, e,v').
A(v) is compact-valued by construction, therefore (k, ¢, e,v') € A(v). The constraints
are continuous on Gr(I'), therefore (k,c,e,v') € T'(v). Then (k, ¢, e,v') € I'(v), which
shows that I'(v) is closed. However, it is bounded since A(v) is bounded, therefore
I'(v) is compact.

First I show that the correspondence is upper-hemicontinuous. Let v, — v and
(k*, ¢, el v") € T'(v). Since g; are continuous and v} — v, then for some N if i > N,
(k% ¢t el v") € B, where B = [0, k*] x [g3(v) — €, ga(v) + €] x [0, F(k*, sn5)] X [g1(v) —
€, g2(v)+€]N, where € > 0. B is compact, therefore there exists a subsequence converg-

ing to (k,c,e,v'). Since all the constraints are continuous on Gr (L), (k,c,e,v') € T.
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Second, I prove that the correspondence is lower-hemicontinuous. Let v; — v and
(k,c,e,v’) € T(v). I must show that there exists a sequence (k%, ¢, e’,v") € T'(v])
such that (K%, %, e’,v") — (k,c,e,v'). Without loss of generality, we can assume that
vy <vl<wvorwv <o <w. Let \; = (v; —v1)/(v —v1). By assumption \; € [0, 1].
Let k' =k, ¢j = u'((1 = B)v1), v; = v1. Let ¢ = u="(Nule;) + (1 — Nu(cg)). If
this value violates one of the bounds, set ¢} equal to the respective bound. Similarly,
set vt = A\jv; + (1 — Ag)vj. If this value violates one of the bounds, set v} equal to the
respective bound. If the promised utility of the allocation is too high (low), decrease
(increase) ¢} until the promised utility constraint is satisfied, or one of the bounds is

hit. If necessary, do the same adjustment in order to ¢j and vj,. Note that ¢} and v}

are continuous in A. Finally, set

e = max{F(k',s1) — O~ "u(c)) + Bvi),--- , F(k',sy) — O (ulcy) + Buly), e}

By construction the contract (k%,c", e’,v"") € T'(v;). Since it is continuous in A it

converges to (k,c,e,v'). ®

Theorem 1 Let (k,c,e,v') be a maximizer in the Bellman equation. Then the
allocation generated recursively satisfies the promise-keeping and incentive constraints
and attains the supremum.

Proof. First I prove that the constraints are satisfied. It is sufficient to show that
if (¢;(s") is the allocation generated recursively from the policy functions (k, ¢, e, v’)
for some started vy, then it delivers promised utility vy. By induction on the recursive

promise-keeping constraint we get:
t
B Bu(e;(s9) + 8% Boa (') = vo (39)
j=0

Then I need to show that lim; ., B Evy,q(s') = 0. Since (k, ¢, e,v") solves the

Bellman equation, we know that

(1 = Bvia(s"))
1=p

In the inequality I have used the fact that EF(k;(s’™1), s;)—Rk;(s’ 1) —Ry(e;(s’ 1)) <

(40)

P(vg) < % — EZﬁjcj(sj) _ ﬁt“EU_l
j=0

p* and the upper bound of P. If u is bounded from above, then lim sup, ., 3™ Eyvi 41 <
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0. Assume u is not bounded from above and limsup,_, ., '™ Eyviyq > 0. Then there
exists A > 0 such that for every t there exists t' >t and Egvyyq > A3~V

Let n(v) = ﬁu‘l((l — B)v). It is strictly convex and lim, ., 7'(v) = co. Clearly
En(vig1(st)) > n(Evega(st)) . Then for any B > 0, there exists v such that if v > 7,
n(v) > Bw. By assumption there exists ¢’ such that Egvy, > AB~Y~' > . Then:

B (Egvia(s")) = B BEywys1 > AB

Then P(vy) < p*/(1 — ) — AB for any B > 0, which is a contradiction, since
P(vg) > —n(vg). Therefore lim sup,_, ., 37 Egvyy1 < 0.
If u is bounded from below, then liminf, .., 8" Eyviyq > 0. Assume that u is
not bounded from below and lim inf,_, 3" Eyv;qq < 0.
P < 725 - e (£
1-p5 1-p3 1 — gttt

Using a similar argument as above, we get:

* 1_ t+1
Plug) < 1115— 1_% T (4) (42)

for any A > 0. This is either infeasible (if u is bounded from above) or arbitrarily

oo — ﬁ”lEvm(St)]) A p(u) (41)

negative, which gives a contradiction. m

Lemma 5

Proof. Assume that the maximizer is not unique for some v. Then there are
two different allocations (k%, ¢/, e’), j = 1,2 that give the principal the same profit.
If capital and enforcement are the same (history by history) then we can increase
the principal’s profit by setting ¢ (s') = u—1[0.5u(c}(s")) + 0.5u(c?(s"))]. The new
allocation lowers average consumption, but keeps utility, conditional on a state s,
constant, thus keeping all the incentive constraints satisfied.

Assume that capital or enforcement is not the same history by history. Then for
every si=1 define k(') by f(k(st1)) = [f(kH(s™1))+ F(2(s'1))]/2 and ed(st1) =
[e (s71) + €f(s'7)]/2. Then y(s") = [y (s") + 97 (s")]/2. Also set ¢(s") = [ey(s") +
c2(s")]/2. Since f~! and «y are both convex, this change would increase the principal’s
value. From the assumption on O it follows that

sy < L (O — els) + O — i)
08" - bt ™) < 2 ! )
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Fix some s'. Consider the expected utility at date ¢ + j, conditional on history s’.

Z (57 )u(0.5¢f, (s, s7) + 0.5¢7 (5", 7)) > u(0.5¢cej(s") + 0.5¢e3(s"))
where ce’(s") is the certainty equivalent of the lottery (cp4;(s", s7)).
Now consider the consumption sequence (ce}). By construction, Y Fu(ce}) =
u(ci(s")) + Buj,(s') = wi(s'). We can think of this as a lottery with probabilities
B7(1 — ). Then:

w§<8t>:§ﬁju(ce;+ce?> L (0D £ - D)

>
2 ~1-3 2

Then combining the three inequalities and using the fact that the original allocation

was incentive compatible, we get that
u(c(sh) + Bu}(s') = O(F (k3 (s, 50) — eX(s'™))

The new allocation is incentive compatible, delivers strictly higher profit to the prin-
cipal and increases promised utility to the agent. We have reached a contradiction.
]

Lemma 6

Proof. Let v1,v5 € A, A € (0,1) and vy = vy + (1 — MN)vy € A. Take the
optimal allocations and find a new allocation, as described in the proof of lemma
5. The new allocation gives value to the principal at least AP*(vq) + (1 — A\)P*(vs)
and gives the agent utility strictly higher than v,. Since vy, € A, it follows that
P*(vy) > AP*(v1) + (1 — A\)P*(vg). The second statement follows immediately from

the earlier discussion. m

Lemma

Proof. Let vy € int(A). The Inada condition for u implies that for some 7,
¢; > 0. Define (v) = P*(vo) +mic; — mou~ (u(c;) + (v —wp) /7). (v) is differentiable,
strictly concave, defined on some neighborhood of vy and ¢(v) < P*(v). Then by the
Benveniste-Scheinkman theorem (SLP 4.10), P* is differentiable at vy. m
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A.3 Optimal Allocations

Lemma ] If u(c;(v)) 4 Bv}(v) > v*, then v}(v) = u(c;(v))/(1—=8) If u(c;(v))+Bvi(v) <
v*, then vi(v) > u(c;(v)) + Gvi(v). Proof. Consider the consumption allocation
generated recursively by the optimal policy functions.

If u(c;(v)) + Bui(v) > v*, it is feasible and incentive compatible to set ¢;(s') =
u™'((1 = B)v) for all s*, which is the first-best consumption allocation. Then v}(v) =
ESE, 8 ule(s") = ulc(v))/(1 - B).

Now consider the case when u(c;(v)) + [vi(v)

*

< v*. First I show that for any
history s>, consumption never falls: ¢, ;((s',s7)) > ¢, (s") where (s, s7) is a history
of s', followed by s7. Assume not: ¢;(s") > ¢;4;((s?, 7)) for some s* and s’. Define ¢

by | | .
(@) = u(cy(s') + 7 Prob(s? )u(ciyi((s', 7))
1+ 37 Prob(s?)

Change the consumption allocation to ¢;(s') = ¢i4;((s',s7)) = ¢. By construction,

the utility of an agent experienced a history of shocks s", u(cy,(s")) + Bupy1(s") does
not decrease, therefore all the incentive constraints are satisfied. Similarly, the utility

of that new allocation u(co(s;)) + fvi(s;) is not changed. Since w is strictly concave:
B Prob(s")[ci(s") + 7 Prob(s?) e ((s',87))] — B Prob(s")[1 + 37 Prob(s?)] > 0

Therefore expected discounted consumption is strictly lower, increasing the value of
the principal. We have reached a contradiction.

Now assume that ¢;(s') = co(s;) for all st. If ki (s;) = k*, e1(s;) > 0 and solves the
equation u(co(s;))/(1 — B) = O(F(k*,sy) — e). Consider decreasing consumption cq
and increase c¢; in a way to keep promised utility constant. Increasing consumption
marginally would reduce required enforcement. From the implicit function theorem,
de/dcy = —u/(¢1)/O'(yx — €). Thus increasing consumption ¢; marginally would
reduce enforcement costs by R~'(e)de/dc; > 0. However since consumption is con-
stant, there is no first-order effect on average consumption, therefore for small enough
change, the principal’s value would increase. Second, assume that k; < k*. Then in-
creasing k; marginally will increase surplus net of interest costs. In the states in which
the incentive constraint binds, increase consumption to keep the incentives. Again,
this reallocation of consumption does not have first-order costs, therefore for small

enough increase in k, the principal’s value is increased.
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I have shown that for some s', co(s;) < ¢i(s'). Then u(co(s;)) < (1 — B)vo(s;).
Then v1(s;) > u(co(s;)) + fvi(s;). =

Lemma A.9 Ifv <v*, then E(vi(v)) > v.

Proof. From the promise keeping constraint S~ | m;[u(c;(v)) + Bvi(v)] = v, it follows
that for some j, u(c;(v)) + Bv;j(v) < v < v*. Then lemma [§] implies that v;(v) >
u(cj(v)) + Bv;(v). By the same lemma v}(v) < u(c;(v)) + Bui(v), Vi. Then

N

Evj(v) = mjv;(v) + Y mivi(v) > D mlulei(v)) + Buj(v)] = v

i#] i=1

]
Lemma A.10 Ifv < v*, then vi(v)) < v*, Vi.

Proof. Assume that for some i, v}(v) > v*. Then for some s/, ¢;1(s;,s7) > u™((1—
B)v*). Since v < v*, for some s', ¢(s!) < u™t((1 — B)v*). Then we can decrease
cj+1(si,s7) and increase ¢(s') in such a way to keep (/"7 (s;, s7)u(cjp1(si, 7)) +
Bir(sHu(c(sh)) constant and v}(v) > v*. Then this new allocation satisfies all the
constraints and reduces average consumption, thus increasing the principal’s profit.
|

Proposition |§| vy converges to max{v*,vg} almost surely. Proof. If vy > v*,
then the first-best solution is incentive-compatible, therefore v}(vg) = v, thus v, = vy
for all st.

Now assume that vy < v*. Define w; = v; —v*. Lemma [A.7] and lemma[A.10] show
that ggt) (vo) < vy < v*. Therefore Flwy| < ]ggt)(vo) — v*| < 0co. Lemma implies
that Ewgyq|w;] > w;. Therefore w; is a submartingale.

Lemma mplies Ew;} = 0. Thus Ew;” /0. So, by the submartingale conver-
gence theorem, w; converges to a r.v. Wy a.s. Define v, = wy +v*. 1 will show that
Voo = v* a.s. By lemma [A.10] vy, < 0v* a.s. Assume that vy, # v* a.s. Then there
exists some interval [a,b] such that Prob(w. € [a,b]) = P > 0 and b < v*. Since
h(v) = Ev'(v) — v is a continuous function and h(v) > 0 if v < v*, then there exists

some § > 0 such that h(v) > § for all v € [a,b]. Let u; be the probability measure
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associated with v;.

Evgyy — By, = /h(v)d,ut(v)

/ )
> Su([a )

v

Since v; — v a.s., for all ¢ sufficiently large p([a,b]) > P/2, then Fv, 1 > Ev, +

dP/2. This is a contradiction since Ev; converges. m

A.4 Economic Development

Proposition [8| Proof. For any 5 there exist A and A’ such that increasing A to A’
would violate some incentive constraints and reduce vy. By continuity, there is some
s’ > 5 such that vp(s', A, 1) < v9(3, A, a1). But since the utility to the agent if there

are no incentive constraints would be higher with (s, A’) again by continuity, there

exists some 0 < ay < ay such that v(s/, A, ) > 19(5, A, ). ™
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