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1. Introduction

An important topic in linear regression theory
is the statistical problem of determining which in-
put variables are needed for estimating a response
function. Such a decision is often facilitated by the
use of a model selection criterion. For many situ-
ations, a candidate model’s predictive ability is its
most important attribute. In light of our interest
in this property, we concentrate on model selection
techniques based on cross validation, namely jack-
knifing. Our basic approach is to construct a mea-
sure which gauges the adequacy of an approximat-
ing model by assessing how effectively each case-
deleted fitted model predicts the deleted case, as
quantified by the Kullback-Leibler divergence.

A model selection criterion for linear regres-
sion based on cross validation, the predictive di-
vergence criterion (PDC), is introduced. The goal
of defining a parameter which reflects the predic-
tive capabilities of a candidate model is attained
through a derivation of the target value of PDC.
We then develop an adjusted predictive divergence
criterion (PDCa) which serves as the minimum vari-
ance unbiased estimator of this target.

2. Prediction Error

Consider a collection of data
D = A{(z1,11),-..,(xn,yn)} where z; is a
(pr, x 1) vector of input variables and y; is a
real valued response. So, y = (y1,...,¥n) is an
(n x 1) response vector and X = [z1,...,z,] is
an (n X pr,) design matrix of full column rank. The
data D will be treated as an iid sample from some
multidimensional distribution F'.

We take on the problem of determining which
of the input variables are needed for creating the

“best” linear prediction function. Candidate mod-
els postulated for the data will be of the form

M: y=XB+e e~N,0,0°I). (2.1)

Here, X is an (n x p) design matrix with the column
space property C(X) C C(Xp). Then X, repre-
sents the largest of the possible design matrices.

A fitted model corresponding to (2.1) is esti-
mated from the data, most commonly using a least
squares criterion or maximum likelihood. The pre-
dicted response at an input level x, is expressed
as np(,) = 3. The goal of model selection for
best prediction will be achieved by defining, for each
candidate model M, a measure quantifying its pre-
dictive capability.

Let Q[y,n] denote the error between a re-
sponse y and its predicted value 1. The prediction
error for the forecast rule np is defined to be

= Er{Q[yo,np(2,)]},

where expectation is taken over a new realization
(z0,Yo) from the true distribution F. The data is
treated as fixed since it is the fitted model whose
predictive quality is to be judged.

Since F' is unknown, it may at first glance
seem appropriate to use the plug-in estimate
err(D, F) where F' denotes the empirical distribu-
tion on the data D. Call this the apparent error
rate and write

err(D, F) (2.2)

err(D, F) (2.3)
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However, the apparent error rate tends to be overly
“optimistic” as a reflection of prediction error. The
same data used to create the prediction function is
also being used to judge its accuracy. For a detailed
analysis of how this bias can be corrected, see Efron
(1986).

Cross validation is a popular approach to cir-
cumventing the problem of having the training sam-
ple also serve as the test sample. Denote the data



set with the i*" observation (z;, ;) excluded as D_;
with prediction function n_;. Then the leave-one-
out cross validation, or jackknife, estimate of pre-
diction error is
1 n
CV = =% Qlyin-i(xi)].

i=1

(2.4)

The focus of our study here is cross valida-
tion and thus, our target measure is defined to be
Er(CV') where expectation is again with respect to
the true distribution F, now taken over the data D.
We examine a specific case in the next section by
defining the error function via the Kullback-Leibler
divergence, a well known measure of separation for
model selection problems.

3. Kullback-Leibler Divergence
Let

Qrrly, M] = —2loggum(y) (3.1)

2
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where gjs is the Gaussian probability density func-
tion determined by the candidate model M in (2.1).
The error function )k, is defined in terms of the
model variance o2 as well as the model predicted
response 7. The Kullback-Leibler divergence is
the basis for the Akaike information criterion, AIC
(Akaike, 1973, 1974), the first model selection cri-
terion to gain widespread acceptance. A corrected
version, AICc, has been proposed by Hurvich and
Tsai (1989).

In the present context of studying a cross val-
idation statistic given by (2.4), we introduce the
predictive divergence criterion

1 = _s(w))?
PDC=-Y" {logaz_i Uit =GO
et =i

(3.2)

where o2 is the case-deleted maximum likelihood
estimate of the model variance and n_;(x;) is the
case-deleted predicted value for y;. The targeted
measure is Er(PDC).

We note that cross validation in general, and
PDC in particular, provides a computation of pre-
diction error which does not require any specifica-
tion of the underlying true distribution F'. However,
in order to obtain analytical results on the target
of interest, we will consider the same conditions as
those imposed for the development of the Akaike
statistics. This leads to a method for improving
PDC through a more accurate estimate of its tar-
get Ep(PDC). Our mission in the next section will

be to derive the minimum variance unbiased esti-
mator for Er(PDC).

4. Minimum Variance Unbiased
Estimation

Now suppose that the true distribution F' is
such that the response vector y is related to a design
matrix X of input variables according to a linear
model

y=Xrfr+er, er~Ny(0,0%1). (4.1)
Suppose further that C'(Xr) C C(X). That is,
we are assuming the candidate model (2.1) sub-
sumes the true model (4.1). Imposing this condition
reduces the generality of the results, yet ensures
mathematical tractability and is methodologically
defensible. Model selection criteria are best judged
by their capacity to distinguish between models
with little or no approximation error, precisely the
condition for which Akaike-type criteria results, and
those of this section, will apply.

We now provide an expression for the tar-
get parameter Ep(PDC). See Davies, Neath, Ca-
vanaugh (2004 a,b) for details. Write

Er(PDC)

log 07 + log (4.2)
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where v is the digamma or psi function and Hj;
is the i'" diagonal element of the hat matrix H =
X (X'X)1X'. Hence, the task is to find the MVUE
of (4.2) under candidate model (2.1) where it is
only known that the candidate model is not under-
specified.

We will use a traditional approach to the
problem of determining minimum variance unbi-
asedness. If one can find an unbiased estimator
which is a function of a complete sufficient statistic,
an appeal to the Lehmann-Scheffé Theorem estab-
lishes the desired property. Details on the following
are also available in the papers of Davies, Neath,
Cavanaugh (2004 a,b).



Proposition 4.1: T(X,y) = (X'X,y'y,X'y) is a
complete sufficient statistic.

Proposition 4.2: 62

of T(X,y).

Proposition 4.3:
Erlogs? =logo +log 2 + ¢ (252).
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Theorem 4.1: In the linear regression setting un-
der the described regularity conditions, the alter-
nate predictive divergence criterion

PDCa = logé? +log p—] (4.3)
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is the minimum variance unbiased estimator for
Er(PDCQ).

5. Concluding Remarks

Cross validation is an effective tool for as-
sessing prediction error based on a training sample
alone. A natural question may arise as to what pre-
cisely a cross validation statistic is estimating. In
other words, a determination of the target parame-
ter for cross validation is desired.

We have considered the specific case where
prediction error is measured by the Kullback-
Leibler divergence. We introduce the correspond-
ing cross validation statistic as the predictive di-
vergence criterion (PDC). Under reasonable regu-
larity conditions, Er(PDC), the target for PDC,
is derived. = Under these same conditions, an
optimality result is presented where an alter-
nate predictive divergence criterion (PDCa) has
the same target Erp(PDC), but achieves mini-
mum variance among the class of unbiased esti-
mators. So, Ep(PDCa) = Epr(PDC), with
Varp(PDCa) < Varp(PDC). An improvement
on cross validation, for estimating a target created
by cross validation, is achieved.
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