






Estimation and Testing using Internal Rates 

Same form as those using external rates, just replace ( )s
kE�  

by .  For example, kE

1 1

k k
k

O ERR
O E

= . 

Tests of  are based on the statistic 0 2:H RR =1

( ) ( )2 2
1 1 2 22 2

1
1 2

0.5 0.5
~

O E O E
X

E E
χ

− − − −
= + . 

Tests of  are based on the general chi-
square statistic 

0 2: KH RR RR= =…

( )22 2
1

1

~
K

k k
K

kk

O E
X

E
χ −

=

−
=∑  

or the trend statistic 

( )
2

12 2
12

2

1 1

~

K

k k k
k

K K

k k k k
k k

x O E
X

x E x E O

χ=

+
= =

⎡ ⎤
−⎢ ⎥

⎣ ⎦=
⎛ ⎞

− ⎜ ⎟
⎝ ⎠

∑

∑ ∑
. 

The latter two tests are conservative. 

Comments 
1. Internal standardization is a rough approximation to 

the methods presented in the next section as well as 
Poisson regression. 
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2. If age and calendar time (or other stratification 
variables) confound the exposure-disease 
relationship, this procedure is conservative. 

3. If there are more than two exposure groups, internal 
standardization does not eliminate the problem of 
non-comparability of SMRs: the pooled “internal” 
group may be dominated by one or more large 
exposure groups. 
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3.7 Preferred Methods of Analysis for 
Grouped Data 
Preferred methods for cohort data are very similar to those 
for case-control data.  Replace “cases” by “deaths”, 
“controls” by “number of person-years” and you have made 
the link between the two. 
 
In the j-th stratum and k-th exposure group, let 

jka  = number of cases jkd  = number of deaths 

jkc  = number of controls jkn  = number of person years 

 

Case-Control Data 
The following are properties of case-control analyses: 

• The relative measure of risk is 

1 1

jk jk
jk

j j

a c
OR

a c
= . 

• The given 2×K table margins { }1, ,j jKa a…  are 
assumed to have a multivariate hypergeometric 
distribution. 

• Regression is performed with the logistic model. 
 

Cohort Data 
The following are properties of cohort analyses: 

• The relative measure of risk is 

 64



1 1

jk jk
jk

j j

d n
RR

d n
= . 

• The observed deaths j jkk
D = d∑  is assumed to have 

a multinomial distribution. 
• Regression is performed with the Poisson model. 

 

3.7.1 Crude Relative Risk 
Suppose that we wish to compare two cohorts for which 
the number of deaths and person-years are  and , 

.  In the case of no stratification, the relative risk is 
simply 

iO iN
1,2i =

2 2

1 1

O NRR
O N

= . 

The approximate chi-square statistic that can be used to 
test the null hypothesis 0 : 1H RR =  is 

[ ]( )
[ ]

2
2 22

2

0.5O E O
X

Var O
− −

=  

where 

[ ]

[ ]

2
2

1 2
2 2

NE O O
N
N NVar d O
N

+
+

+
+

=

=
 

such that  and 1O O O+ = + 2 1 2N N N+ = + . 
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Example 
Consider the data: 
 Deaths ( )iO  Person-Years ( )iN
Unexposed 5 7300 
Exposed 14 5500 
Totals 19 12800 

The estimated relative risk is 

2 2

1 1

14 5500 3.716
5 7300

O NRR
O N

= = =  

and the approximate chi-square statistic is 

( )( )
( )

2

2

2

550014 19 0.5
12800 6.115

7300 5500
19

12800

X

⎛ ⎞− −⎜ ⎟
⎝ ⎠= = . 

At the 5% level of significance, the relative risk is different 
from unity (p = 0.0134). 

3.7.2 Mantel-Haenszel Estimator (Two Exposure 
Groups) 
Suppose there are 2K =  exposure categories and J strata.  
Denote the j-th table of data as 
 
 Deaths Person-Years 
Unexposed 1jd  1jn  

Exposed 2jd  2jn  

Totals jD  jN  
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Then the Mantel-Haenszel estimator of the exposure-
disease relative risk is 
 

2 1

1 2

j j jj
MH

j j jj

d n N
RR

d n N
=
∑
∑

 

 
with variance and standard error given by 
 

[ ]

( )
[ ] [ ]

2
1 2

2

1 2

1 2

MH j j j jj
MH

j j j
j

j j MH j

MH MH

RR n n D N
Var RR

n n D
N n RR n

SE RR Var RR

=
⎛ ⎞
⎜ ⎟
⎜ ⎟+⎝ ⎠

=

∑

∑ . 

 
Since the distribution is so skewed, it is recommended to 
compute confidence intervals and test statistics on the 
natural log scale where 

[ ] [ ]ln MH
MH

MH

SE RR
SE RR

RR
= . 

 
Thus, a 95% Wald confidence interval is 

 

[ ]{ }exp ln 1.96 lnMH MHRR SE RR±  
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for which the associated test statistic for  is 0 : 1H RR =

 

[ ] ( )ln ~ 0,1MHRRX N=

0 : 1R =

[ ]

ln MHSE RR
. 

 

Approximate Test 
Although the Wald statistic can be used to test the null 
hypothesis H R , the preferred approximate test 
statistic is 

{ }
[ ]

{ }

2
2 22

2

2

0.5O E O
X

Var O

2 2 2
12

2 1

0.5
~

j j jj

j j j jj

O D n N

D n n N
χ

− −
=

− −
=

∑
∑

 

 

British Doctors Example 
Consider the data below from a study of coronary heart 
disease in British male doctors. 
 
Table 2.  Deaths from coronary disease among British 
male doctors. 

Age Group 
(j) 

Smoker 
(i) 

Deaths 
( )jid ( ) 

Person-Years 
jin  

35-44 No 2 18,790 
 Yes 32 52,407 
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Age Group 
(j) 

Smoker 
(i) 

Deaths 
( )jid  

Person-Years 
( )jin  

45-54 No 12 10,673 
 Yes 104 43,248 
55-64 No 28 5,710 
 Yes 206 28,612 
65-74 No 28 2,585 
 Yes 186 12,663 
75-84 No 31 1,462 
 Yes 102 5,317 

 
The Mantel-Haenszel estimate is 

 
32 18,790 71,197 102 1,462 6,779
2 52,407 71,197 31 5,317 6,779MHRR × + + ×

=
× + + ×

…
…

1.42=

( ) ( )0 1: JH RR RR

. 

 

3.7.3 Tests for Homogeneity of Relative Risks 
The fundamental assumption when estimating a common 
relative risk is that the relative risks across the J strata are 
the same (homogeneous); i.e. age is not an effect modifier.  
A test of the homogeneity, that 

= =…  

can be carried out based on the chi-square statistic 
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( ) ( )2 2
1 1 2 22 2

1
1 2

ˆ ˆ
~ˆ ˆ

j j j j
J

j j

d d d d
X

d d
χ −

⎧ ⎫− −⎪ ⎪= +⎨ ⎬
⎪ ⎪⎩ ⎭

∑  

 
where one typically uses 
 

2
2

1 2

1 2

ˆ

ˆ ˆ

MH j
j j

j MH j

j j j

RR n
d D

n RR n

d D d

=
+

= −

. 

3.7.4 Tests for Trend 
A test for trend across the J stratum-specific relative risks 
can be carried out with the test statistic 
 

( )
( ) { }

2

2 22 2
12

2
1 2 1 2 1 2

ˆ
~

ˆ ˆ ˆ ˆ ˆ ˆ

j j jj

j j j j j j j j j j jj j j

x d d
X

x d d D x d d D d d D
χ

⎡ ⎤−⎣ ⎦=
−

∑
∑ ∑ ∑

 

 
where the 1, , Jx x…  are stratum-specific scores and, as in 
the previous section, 
 

2
2

1 2

1 2

ˆ

ˆ ˆ

MH j
j j

j MH j

j j j

RR n
d D

n RR n

d D d

=
+

= −

. 

 

 70



British Doctors Example 
From Table 2 we have the following 
 
 35-44 45-54 55-64 65-74 75-84 

j
x  1 2 3 4 5 

( )1 1
ˆ

j j
d d  2 

(6.83) 
12 

(17.13) 
28 

(28.75) 
28 

(26.82) 
31 

(21.52) 

( )2 2
ˆ

j j
d d  32 

(27.16) 
104 

(98.87) 
206 

(205.25) 
186 

(187.18) 
102 

(111.48) 

j
D  34 116 234 214 133 

 
Note that 

( ) ( ) ( )2 2

2
1 2

1 2

1 2

ˆ 1 32 27.16 5 102 111.48

34.92
ˆ ˆ 1116.72231

ˆ ˆ 294.23598

ˆ ˆ 86.74386

j j jj

j j j jj

j j j jj

j j jj

x d d

x d d D

x d d D

d d D

− = − + + −

= −

=

=

=

∑

∑
∑
∑

…

 

and so 

[ ]
( )

2
2 2

12

34.920
10.3 ~

294.23598
1116.72231

86.74386

X χ
−

= =

−

 

Therefore, at the 5% level of significance, there is an 
increasing trend in the relative risks across age groups (p = 
0.0013). 
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3.7.5 Mantel-Haenszel Estimator (Multiple 
Exposure Groups) 
There is a generalization of the Mantel-Haenszel estimator 
to accommodate more two or more exposure categories.  
In general there are 1, ,k K= …  exposure categories and we 
would like to test the hypothesis 

0 2: 1KH RR RR= = =… . 

Under this null hypothesis the { }1, ,j jKd d…  have a 
multinomial distribution with mean and covariance matrix 
given by 

{ } ( ) 2

2

if 
,

if 

j
jk jk

j

jk j jk j j
j jk jlkl

jk jl j j

D
E d n

N

n N n D N k
Var d d

n n D N k l

⎡ ⎤ =⎣ ⎦

⎧ l− =⎪⎡ ⎤= = ⎨⎣ ⎦ − ≠⎪⎩
Σ

. 

Define { }1 1, ,T
KO O −=O … , { }1, ,T

KE E 1−=E … , and  such 
that 

Σ

k jkj

j
k jkj j jk

j

jj

O d

D
E E d n

N

=

⎡ ⎤= =⎣ ⎦

=

∑

∑ ∑

∑Σ Σ

. 

 
The Mantel-Haenszel test for equal risks across exposure 
categories is based on the statistic 

( ) ( )2 1 2
1~T

KX − χ −= − −O E Σ O E . 
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Tests of trend can be carried out with the statistic 

( )

( )

2

2 2
122

~k k kk

k k k jk j j jk j k

x O E
X

x E x n D N D
χ

⎡ ⎤−⎣ ⎦=
−

∑
∑ ∑ ∑

. 

3.7.6 Conservatism of Indirect Standardization 
This section provides an example of how statistical 
confounding can make the internal standardized test 
conservative. 
 
 Stratum 1 Stratum 2 Totals 
Exposed Cases P-Yrs Cases P-Yrs Cases P-Yrs 
No 25 10,000 5 4,000 30 14,000
Yes 5 1,000 25 10,000 30 11,000
RR 2.0 2.0 1.27 

 

Method of Internal Standardization 
Using internal standardization yields the following expected 
number of deaths: 

2

1 1
1

2

30 3010,000 4,000 35.844
11,000 14,000

30 301,000 10,000 24.156
11,000 14,000

j
j

jj

D
E n

N

E

=

= = + =

= + =

∑
. 

The resulting relative risk and test statistic are 
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{ } { }

2 2

1 1
2 2

2

2
1

30 24.156 1.48
30 35.844

30 35.844 0.5 30 24.156 0.5
35.844 24.156

1.98 ~

O ERR
O E

X

χ

= = =

− − − −
= +

=

. 

for which the two-sided  p-value is p = 2
1Pr 1.98χ⎡ ⎤≥⎣ ⎦  = 

0.1594. 

Method of Mantel-Haenszel 
For this method 

[ ]
2

2
2

1

1,000 10,00030 30 24.156
11,000 14,000

j
j

jj

n
E O D

N=

= = + =∑  

[ ]

( )( ) ( )( )

2
2

2 1 2
1

2 2

30 10,000 1,000 30 4,000 10,000
11,000 14,000

8.6018

j j j j
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Var O D n n N
=

=

= +

=

∑

. 

The relative risk estimate and test statistic are 

{ }

2 1

1 2

2
2 2

1

2.0

30 24.156 0.5
3.32 ~

8.6018

j j jj
MH

j j jj

d n N
RR

d n N

X χ

= =

− −
= =

∑
∑  

for which the two-sided p-value is p = 2
1Pr 3.32χ⎡ ⎤≥⎣ ⎦  = 

0.0684. 
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Comments 
1. The stratum-specific rate ratios are constant (2.0) and, 

thus, it is appropriate to estimate an overall relative 
risk. 

2. The internal standardization here uses the ratio of the 
SMRs to estimate the relative risk.  The estimate is 
biased because of the difference in the distribution of 
person-years for exposed and unexposed across 
strata. 

3. The Mantel-Haenszel estimate is not biased and 
yields a more powerful statistical test. 

 

3.8 Proportional Mortality and Dose-
Response Analysis 
Setting:  Suppose that one needs to conduct a dose-
response analysis using number of deaths only, without 
person-year information.  This may be due to: 

1. Person-year data not being available 
2. Complete exposure history has been reconstructed for 

the dead and we want an initial evaluation of relative 
risk to see if it’s worthwhile to go through the lengthy 
process of acquiring person-year information in the 
rest of the cohort. 

 
Let jkd  denote the number of deaths from cause of interest 
(stratum j, exposure group k), jkt  the number of deaths 
from all causes, and kx  the dose level associated with 
exposure group k.  Define 
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j jkk

j jkk

D d

T t

=

=

∑
∑

 

 
Goal:  Determine whether the proportion of death due to 
cause of interest increases with increasing levels of 
exposure while adjusting for the stratified variables. 
 
Warning:  Competing Risk Problem – If other causes of 
death are affected by the exposure, then the cause-specific 
proportion deaths will not allow unbiased estimation of the 
relative risk. 
 
Assumption:  The necessary assumption is that the other 
causes of death are not related to the exposure – in 
practice, we may need to exclude those “other” causes that 
are known to be related to the exposure. 
 

Analysis 
Assume that those dying from other causes represent an 
unbiased sample of the population at risk within each 
stratum.  These will be the controls; those dying from the 
cause of interest are the cases.   Use case-control 
methods to analyses the data. 
 
Note:  The “controls” are assumed to be representative of 
the population at risk.  We are typically uncertain of this.  
Thus, inference for a proportional mortality study is more 
tentative than for a case-control study. 
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3.9 Overview of Estimation and Testing 
Procedures 

Notation 
Term Description 

1, ,k K= …  Index for the exposure groups 
1, ,j J= …  Index for the stratification variable 

jkd  Number of cases 
jkn  Number of person-years 
jkλ  Rate in the cohort 
( )s
jλ  Rate in the standard population 

j jkk
D d=∑  Observed cases in stratum j 

k j
O d=∑ jk  Observed cases at exposure k 

( ) ( )s
k jkj

E n s
jλ=∑  Expected cases using an external 

population 
( ) ( )s

kk
E+ = ∑ sE  Total expected cases 

ˆ
k j

E njk jλ=∑  Expected cases using the entire cohort 
as the standard population 

j jkk
N n=∑  Person-years in stratum j 

Proportionality Assumption 
Necessary assumption for comparing SMRs from two 
cohorts; i.e. jk jlλ λ = θ  for all 1, ,j J= … .
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Summary of Methods 
 

 External 
Standardization 

Internal 
Standardization Mantel-Haenszel 

Comparison Across 
Strata - - Homogeneity (3.7.3) 

Trend (3.7.4) 
    
Estimation ( )

( )
1 1

s
k k

k s

O E
RR

O E
=  

1 1

k
k

kO E
RR

O E
=  1

1

jk j j
k

j jk j

d n N
RR

d n N
= ∑
∑

 

Confidence Interval Exact (3.5.2) 
Approximate (3.5.2) 

Same as for external; 
replace ( )  by  s

kE� kE
Exact – Software 

Approximate (3.7.2) 
Test of Association 

0 2: 1H RR =  
Exact (3.5.1) 

Approximate (3.5.1) Approximate (3.6)* Approximate (3.7.2) 

Test of Association 
0 2: KH RR RR= = =… 1 Approximate ( 3.5.3) Approximate (3.6)* Approximate (3.7.5) 

Trend Test Approximate (3.5.3) Approximate (3.6)* Approximate (3.7.5) 
* Mantel-Haenszel methods are preferred 
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4.1 Introduction 
In this section we discuss Poisson regression, a method 
that is appropriate for modeling a discrete response 
variable that takes on non-negative values (0, 1, 2...). 

4.1.1 Montana Smelter Workers Study Revisited 
Consider the follow-up data from the Montana study that 
was grouped by exposure, age, calendar, year, and hiring 
categories.  We will use the variables summarized in the 
table below to model the risk of death from respiratory 
cancer in this cohort. 
 
Variables Description Values 
Outcome respiratory Number of deaths 

from respiratory 
cancer 

numerical 

 pyears Number of person-
years 

numerical 

Predictor arsenic Years of arsenic 
exposure 

1 = 0.0-0.9 
2 = 1.0-4.9 
3 = 5.0-14.9 
4 = 15.0+ 

Confounders age Age groups 1 = 40-49 
2 = 50-59 
3 = 60-69 
4 = 70-79 

 year Calendar year 1 = 1938-1949 
2 = 1950-1959 
3 = 1960-1969 
4 = 1970-1977 

 period Hiring periods 1 = before 1925 
2 = 1925+ 
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Years of arsenic exposure is the primary risk factor of 
interest in this study.  One could use the Mantel-Haenszel 
or SMR approaches of Section 3 to estimate the adjusted 
relative risk of death associated with arsenic exposures.  
Recall that, in Section 3, stratification was used to adjust 
for the confounding variables.  A limitation of this approach 
is that it does not allow for the joint estimation of relative 
risk across both the exposure and stratification variables. 
In this section, a multivariate regression approach is 
presented for the estimation and standardization of rates 
for cohort data. 

4.1.2 The Poisson Distribution 
The Poisson distribution can be used to describe a discrete 
random variable that takes on non-negative values.  We 
will use it to model the observed number of deaths d given 
n person-years of follow-up.  Let λ denote the true rate of 
death.  Our multivariate regression model will be based on 
the assumption that d is distributed 

( )λ∼d Poisson n . 

The probability function for this random variable is given by 

[ ] ( )Pr
!

xne n
d x

x

λ λ−

= =  

For example, suppose that the true death rate for a 
particular cohort is 1 per 100 person-years ( )0.01λ = .  If a 
study of individuals in this cohort yielded n = 5000 person-
years of follow-up, the Poisson distribution function for the 
number of deaths would be 
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[ ]
( ) ( ) ( )5000 0.01 505000 0.01 50

Pr
! !

x xe e
x

x x

− −⋅
= =  

and is plotted in Figure 1. 
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Figure 1.  Probabilities for a ( )50Poisson  random variable 

 
Properties: 

• A Poisson random variable may take on any non-
negative value, including zero. 
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• The Poisson distribution for the number of deaths has  
expected value and variance equal to 

[ ] [ ]E d Var d nλ= = . 

• The Poisson parameter nλ  must be positive. 
 
The Poisson distribution is an approximation to the exact 
distribution for d n  and will be an adequate approximation 
provided: 

1. The rate of death λ  is sufficiently small, and 
2. Only a fraction of the cohort members are expected to 

die during the follow-up period. 
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4.2 Poisson Regression Model 

4.2.1 Model Specification 
In Poisson regression, the observed number of deaths is 
modeled as a multivariate function of the predictor 
variables ( 1 2, , , )px x x=x …  according to the following 
relationship: 
 

( )( )
( ) 0 1 1 2 2ln p p

d Poisson n

x x x

λ

λ β β β β⎡ ⎤ = + + + +⎣ ⎦

x

x

∼

…
. 

 
It can be seen that this is a multiplicative model for the rate 
parameter be re-writing the formula as 

( ) { }
0 1 1 2 2

0 1 1 2 2exp
p p

p p

xx x

x x x

e e e eββ β β

λ β β β= + + + +

=

x …

"

β
 

The multiplicative model is commonly used in practice 
because it ensures that the rate parameter λ  will be 
positive for all possible values of the predictors and 
coefficients. 

4.2.2 Generalized Linear Model 
Poisson regression models fall within the generalized linear 
models framework.  Specifically, the mean of the assumed 
Poisson distribution can be written as a function of the 
linear predictor, 
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( ) [ ] ( )
[ ] 0 1 1 2 2

ln ln ln

ln p p

n n

n x x

λ λ

β β β β

⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦
= + + + + +

x x

… x
 

 
The [ ]ln n  term is called an “offset”.  An offset is a term in 
the linear predictor with a coefficient that is fixed, rather 
than estimated.  It is needed here because the mean of the 
Poisson distribution ( )nλ x  must be linked to the linear 
predictors in the estimation routines. 

Smelter Study Example 
Define the following indicator variables for the regression 
analysis: 
 

arsenic2 = I(arsenic = 2) 
arsenic3 = I(arsenic = 3) 
arsenic4 = I(arsenic = 4) 

year2 = I(year = 2) 
year3 = I(year = 3) 
year4 = I(year = 4) 

age2 = I(age = 2) 
age3 = I(age = 3) 
age4 = I(age = 4) 

period2 = I(period = 2) 

 
We will model the reported deaths from pulmonary cancer 
in this cohort using Poison regression with the following 
model for the death rate: 

( )

0 1 2 3

4 5 6

7 8 9

10

2 3
2 3 4

exp
2 3 4

2

arsenic arsenic arsenic
age age age
year year year
period

β β β β
β β β

λ
β β β
β

+ + +⎧ ⎫
⎪ ⎪+ + +⎪ ⎪= ⎨ ⎬+ + +⎪ ⎪
⎪ ⎪+⎩ ⎭

x

4
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SAS Poisson Regression 
data smeltermod; 
 set smelter; 
 arsenic2 = (arsenic = 2); 
 arsenic3 = (arsenic = 3); 
 arsenic4 = (arsenic = 4); 
 age2 = (age = 2); 
 age3 = (age = 3); 
 age4 = (age = 4); 
 year2 = (year = 2); 
 year3 = (year = 3); 
 year4 = (year = 4); 
 period2 = (period = 2); 
 lpyears = log(pyears); 
run; 
 
proc genmod data=smeltermod; 
 model respiratory = arsenic2 arsenic3 arsenic4 age2 age3 age4 
                     year2 year3 year4 period2 

                    / dist=poisson offset=lpyears; 
run; 

 
Details 

• PROC GENMOD is a SAS procedure for fitting 
generalized linear models, which includes the linear, 
logistic, and Poisson models 

• Poisson regression is specified with the dist option in 
the model statement.  The default is to model the 
natural log-transformed Poisson parameter as a 
function of the linear predictor. 

• The offset option is available to add a linear predictor 
for which the coefficient is fixed and not estimated.  
Note that the log-person-years offset must be first 
defined in the data step. 
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The GENMOD Procedure 
 
          Model Information 
 
Data Set              WORK.SMELTERMOD 
Distribution                  Poisson 
Link Function                     Log 
Dependent Variable        respiratory 
Offset Variable               lpyears 
 
 
Number of Observations Read         114 
Number of Observations Used         114 
 
 
           Criteria For Assessing Goodness Of Fit 
 
Criterion                 DF           Value        Value/DF 
 
Deviance                 103        105.7389          1.0266 
Scaled Deviance          103        105.7389          1.0266 
Pearson Chi-Square       103        105.3665          1.0230 
Scaled Pearson X2        103        105.3665          1.0230 
Log Likelihood                      122.6024 
 
 
Algorithm converged. 
 
 
                            Analysis Of Parameter Estimates 
 
                               Standard     Wald 95% Confidence       Chi- 
Parameter    DF    Estimate       Error           Limits            Square    Pr > ChiSq 
 
Intercept     1     -8.0670      0.2857     -8.6269     -7.5071     797.38        <.0001 
arsenic2      1      0.7982      0.1582      0.4880      1.1083      25.44        <.0001 
arsenic3      1      0.5734      0.2062      0.1692      0.9776       7.73        0.0054 
arsenic4      1      0.9218      0.1810      0.5670      1.2766      25.93        <.0001 
age2          1      1.3870      0.2468      0.9034      1.8706      31.60        <.0001 
age3          1      2.1926      0.2445      1.7133      2.6719      80.40        <.0001 
age4          1      2.3447      0.2702      1.8150      2.8744      75.28        <.0001 
year2         1      0.5336      0.2151      0.1120      0.9552       6.15        0.0131 
year3         1      0.6870      0.2143      0.2669      1.1071      10.27        0.0013 
year4         1      0.6588      0.2305      0.2070      1.1106       8.17        0.0043 
period2       1     -0.5116      0.1530     -0.8114     -0.2118      11.19        0.0008 
Scale         0      1.0000      0.0000      1.0000      1.0000 
 
NOTE: The scale parameter was held fixed. 
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4.3 Inference 

4.3.1  Relative Risk Estimation 
The relative risk (RR) is the risk in one group relative to the 
risk in another.  In the multivariate regression setting, it is 
often of interest to estimate the risk ratio for subjects with 
covariates  relative to those with covariates . The 
general steps for computing relative risks from the results 
of a Poisson regression are: 

′x ′′x

1. Write out the ratio of rates using the model specified 
in the Poisson regression, 

( )
( )

{ }
{ }

0 1 1 2 2

0 1 1 2 2

exp
exp

p p

p p

x x x
RR

x x x

β β β βλ
λ β β β β

′ ′ ′+ + + +′
= =

′′ ′′ ′′+ + + +

x
x

…
… ′′

. 

2. Reduce this equation to a form that is the exponential 
of the estimated regression parameters. 

( ) ( ) ( ){ }1 1 1 2 2 2exp p p pRR x x x x x xβ β β′ ′′ ′ ′′ ′ ′′= − + − + + −…  

3. Insert the regression estimates for the parameters in 
order to calculate the relative risk. 

 
If the value of a predictor variable is the same in the 
numerator and denominator rates, then that predictor 
does not factor into the calculation of the hazard ratio.  
For instance, if p px x′ ′′=  then 

( ) 0p p px xβ ′ ′′− =  

and so the term for the pth predictor drops out of the 
equation. 
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4.3.2 Wald Statistics 
Estimates of relative risks are often accompanied by 
confidence intervals and p-values in order to provide 
measures of statistical significance.  Suppose that a 
Poisson regression model of the form 

( ) { }0 1 1 2 2exp p px x xλ β β β= + + + +x … β  

is fit to a dataset, and interest lies in making inference 
about the relative risk 
 

{ }1 1 2 2

1

exp

exp

p p

p

i
i

RR c c c

c

β β β

β
=

= + + +

⎧ ⎫
= ⎨ ⎬

⎩ ⎭
∑

…
 

 
where  are specified constants.  The Wald 100(1 - α)% 
confidence interval for this relative risk is 

ic

 

( ){ }
( ){ }

1 2

1 2

exp

exp

i i i i

i i

CI c z se c

RR z se c

α

α

β β

β

−

−

= ±

= ±

∑ ∑
∑

 

 
Corresponding tests are based on the Wald statistic 
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( )

2

2 2
1~i i

i i

c
X

se c

β
χ

β

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

∑
∑

. 

 

Summary of Regression Results 
 
Variable Parameter Estimate SE 
Intercept 0β  -8.067 0.2857 
arsenic2 1β  0.7982 0.1582 
arsenic3 2β  0.5734 0.2062 
arsenic4 3β  0.9218 0.181 
age2 4β  1.387 0.2468 
age3 5β  2.1926 0.2445 
age4 6β  2.3447 0.2702 
year2 7β  0.5336 0.2151 
year3 8β  0.687 0.2143 
year4 9β  0.6588 0.2305 
period2 10β  -0.5116 0.153 

 
• Recall that our model is 

( )( )

( )

0 1 2 3

4 5 6

7 8 9

10

~

2 3
2 3 4

exp
2 3 4

2

d Poisson n

arsenic arsenic arsenic
age age age
year year year
period

λ

β β β β
β β β

λ
β β β
β

+ + +⎧ ⎫
⎪ ⎪+ + +⎪ ⎪= ⎨ ⎬+ + +⎪ ⎪
⎪ ⎪+⎩ ⎭

x

x

4
. 
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• The coefficients are the estimated effect of the 
predictors on the log of the respiratory cancer death 
rate. 

• The relative risk of death for the highest, relative to 
the lowest, arsenic exposures is: 

( )
( )

( ){ }
{ }

3

ˆ 4 1 ˆexp 1 0ˆ 4 0

exp 0.9218 2.51

arsenic
RR

arsenic
λ

β
λ

=
= =

=

= =

−
. 

Thus, the rate of death in the highest exposure 
category is 2.51 times the rate in the lowest exposure 
category, after controlling for the effects of age, 
calendar year, and hiring period. 

• The 95% Wald confidence interval is 

( ){ }
( ){ }

( )

3 3exp 1.96se

exp 0.9218 1.96 0.181

1.76,3.58

β β±

± . 

• The Wald test statistics is 
2

2 2
1

0.9218 25.9 ~
0.181

X χ⎛ ⎞= =⎜ ⎟
⎝ ⎠

 

which gives a p-value of 2
1Pr 25.9 0.0001p χ⎡ ⎤= ≥ <⎣ ⎦ .  

Thus, the risk for high, relative to low, arsenic 
exposure is significant, after controlling for the other 
covariates in the model. 
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4.4 Model Fit 

4.4.1 Goodness-of-Fit Statistics 
Two commonly used measures of model fit are the 
Pearson Chi-Square statistic 
 

( )22

1

ˆ

ˆ

N
i i

i i

d d
X

d=

−
=∑  

 
and the Deviance statistic 
 

( )2

1

ˆ2 ln ˆ

N
i

i i
i i

d
iX d d

d=

= +∑ d−

N

 

 
where  indexes the observations in the dataset, 
and  is number of deaths predicted from the model.  If the 
model fit is adequate, these statistics have an approximate 
chi-square distribution with degrees of freedom equal to N 
minus the number of estimated parameters in the model. 

1, ,i = …
d̂

 
• Deviance and Pearson Chi-Square goodness-of-fit 

statistics are provided in the SAS PROC GENMOD 
output. 

•  In the Smelter example, the Deviance and Pearson 
Chi-square goodness-of-fit results are 
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GOF df Value Value/df 
Pearson 
Chi-Square 103 105.37 1.02 

Deviance 103 105.74 1.03 
 
for which the respective p-values are 

2
103

2
103

Pr 105.37 0.4167

Pr 105.74 0.4069

p

p

χ

χ

⎡ ⎤= ≥ =⎣ ⎦
⎡ ⎤= ≥ =⎣ ⎦

. 

Therefore, these statistics do not provide evidence of 
a lack of fit to the data. 

• Evidence of a lack-of-fit may indicate that (1) 
systematic effects are not accounted for or (2) the 
Poisson assumption is not appropriate. 

• The expected value of a chi-square random variable is 
equal to its degrees of freedom.  Thus, the ratio of the 
goodness-of-fit statistic to its degrees of freedom 
provides a measure of the observed to expected 
variability in the residuals.  Ratios that are larger than 
unity are suggestive of a lack of fit; i.e. that there is 
more residual variability than would be expected 
under the specified Poisson regression model. 

4.4.2 R-Square 
The method of Nagelkerke (Biometrika, 1991) can be used 
to compute an R2 statistic as 
 

( ) ( )( )2 2 ˆ1 exp ln lnR L
N

L⎧ ⎫= − − −⎨ ⎬
⎩ ⎭

β 0  
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where  and ( )ˆlnL β ( )lnL 0  denote the log-likelihoods for the 
Poisson regression models with and without the covariates, 
respectively.  In our Smelter example the resulting R2 is 
 

( )ˆlnL β  ( )lnL 0  N R2 

122.60 -12.54 114 90.7% 
 

4.4.3 Overdispersion 
Poisson regression is particularly susceptible to lack-of-fit 
problems.  Recall that, in Poisson regression, we treat the 
response variable d  as a Poisson random variable with 
mean equal to ( )nλ x .  Moreover, the Poisson distribution 
is such that the mean and variance are equal.  Therefore, 
in our example 
 

[ ] [ ] ( )
0 1 2 3

4 5 6

7 8 9

10

2 3
2 3 4

exp
2 4 4

2

E d Var d n

arsenic arsenic arsenic
age age age

n
year year year
period

4

λ

β β β β
β β β
β β β
β

= =

+ + +⎧ ⎫
⎪ ⎪+ + +⎪ ⎪= ⎨ ⎬+ + +⎪ ⎪
⎪ ⎪+⎩ ⎭

x

. 

 
Perhaps there are omitted covariates or interaction terms 
that are important predictors of death. 
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• Omission of important covariates, from the Poisson 
model could lead us to underestimate the mean and 
the variance. 

• Underestimation of the variance leads to 
underestimation of the standard errors which, in turn, 
gives test statistics that are more significant than 
warranted. 

• Overdispersion refers to the situation where there is 
more variability in the data than is accounted for by 
the model. 

 

Pearson Scaled Standard Errors 
One way to correct for overdispersion is to multiply the 
standard error estimates from the Poisson analysis by the 
square root of the Pearson Chi-Square statistic divided by 
its degrees of freedom.  For instance, the Pearson scale 
factor of 1.023 1.011=  would be used in the Smelter 
example to correct the standard errors. 
 
Variable Estimate SE Pearson Scaled SE* 
Intercept -8.067 0.2857 0.2857 × 1.011 = 0.2889 
arsenic2 0.7982 0.1582 0.1582 × 1.011 = 0.1600 
arsenic3 0.5734 0.2062 0.2062 × 1.011 = 0.2086 
arsenic4 0.9218 0.181 0.181 × 1.011 = 0.1831 
age2 1.387 0.2468 0.2468 × 1.011 = 0.2496 
age3 2.1926 0.2445 0.2445 × 1.011 = 0.2473 
age4 2.3447 0.2702 0.2702 × 1.011 = 0.2733 
year2 0.5336 0.2151 0.2151 × 1.011 = 0.2176 
year3 0.687 0.2143 0.2143 × 1.011 = 0.2168 
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Variable Estimate SE Pearson Scaled SE* 
year4 0.6588 0.2305 0.2305 × 1.013 = 0.2332 
period2 -0.5116 0.153 0.153 × 1.013 = 0.1547 

* The scaled standard errors may be obtained in SAS. 
 

SAS Poisson Regression (Pearson Scaled SE) 
proc genmod data=smeltermod; 
 model respiratory = arsenic2 arsenic3 arsenic4 age2 age3 age4 
                     year2 year3 year4 period2 

                    / dist=poisson offset=lpyears pscale; 
run; 

 
Details 

• The option pscale requests the Pearson scaled 
standard errors. 

 
The GENMOD Procedure 
 
                         Analysis Of Parameter Estimates 
 
                            Standard   Wald 95% Confidence      Chi- 
Parameter   DF   Estimate      Error          Limits          Square   Pr > ChiSq 
 
Intercept    1    -8.0670     0.2889    -8.6333    -7.5007    779.47       <.0001 
arsenic2     1     0.7982     0.1600     0.4845     1.1118     24.87       <.0001 
arsenic3     1     0.5734     0.2086     0.1646     0.9822      7.56       0.0060 
arsenic4     1     0.9218     0.1831     0.5629     1.2807     25.35       <.0001 
age2         1     1.3870     0.2496     0.8979     1.8761     30.89       <.0001 
age3         1     2.1926     0.2473     1.7078     2.6773     78.59       <.0001 
age4         1     2.3447     0.2733     1.8090     2.8804     73.59       <.0001 
year2        1     0.5336     0.2176     0.1072     0.9601      6.02       0.0142 
year3        1     0.6870     0.2168     0.2621     1.1119     10.04       0.0015 
year4        1     0.6588     0.2332     0.2018     1.1158      7.98       0.0047 
period2      1    -0.5116     0.1547    -0.8148    -0.2084     10.94       0.0009 
Scale        0     1.0114     0.0000     1.0114     1.0114 
 
NOTE: The scale parameter was estimated by the square root of Pearson's 
      Chi-Square/DOF. 
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4.5 External Standardization 
Poisson regression may also be used to estimate and 
compare standardized mortality ratios (SMRs). 

4.5.1 Notation 
Let us start with a slight redefinition of some notation that 
was used in past sections. 
 

1, ,j J= …  
Indexes the strata defined by the 
variables for which standard rates are 
available 

1, ,k K= …  
Indexes the strata defined by the 
variables for which standard rates are 
not available 

( )s
jλ  Standard population rate in the jth 

stratum  
k j

O d=∑ jk  Total deaths in the kth stratum 
( ) ( )s
k jkj

E n s
jλ=∑  Total deaths expected in the kth stratum 

if the standard rates held true. 

1 , ,k pkx x…  Regression covariates specific to the kth 
stratum 

 
Recall that the true SMR for the kth stratum is defined as 
 

( ) ( )
jk jk jk jkj j

k s s
jk j kj

n n
SMR

n E

λ λ

λ
= =
∑ ∑
∑
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and the corresponding estimate of the SMR is 
 

n
( ) ( )

jkj k
k s s

jk j kj

d OSMR
n Eλ

= =
∑
∑

. 

Smelter Example 
Suppose that we are interested in estimating SMRs for this 
cohort study using the U.S. population of white males as 
the standard population (Table 1). 
 
Table 1.  Respiratory death rates* for white U.S. males 
Age Calendar Year 

1938-49 1950-59 1960-69 1970-77 
40-49 0.14817 0.21896 0.28674 0.37391 
50-59 0.47412 0.80277 1.05824 1.25469 
60-69 0.73136 1.55946 2.33029 2.90461 
70-79 0.73207 1.63585 2.85724 4.22945 

* Rates are per 1000 person-years 
 
Note that 

• Our previous regression analysis of this cohort study 
included categorical variables for age (4 levels), 
calendar year (4 levels), hiring period (2 levels), and 
arsenic exposure (4 levels). 

• If we standardize the rates from the cohort by those in 
the U.S. population, the indexing defined above is as 
follows: 1, ,16j = …  for the age-year strata, and 
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1, ,8  for the hiring period-arsenic exposure 
strata. 
k = …

• For each of the k stratum we will compute the total kO  
and expected ( )s

kE  number of deaths. 

 
For example, consider the follow-up data in Table 2 for the 
cohort of smelter workers in the first hiring period and 
lowest exposure category. 
 
Table 2.  Deaths and person-years for the cohort of 
Montana Smelter Workers in the first hiring period and 
lowest arsenic exposure category  
Age  Calendar Year 

1938-49 1950-59 1960-69 1970-77 
40-49 d 

n 
2 

3075.27 
0 

936.75 
0 

0.00 
0 

0.00 
50-59 d 

n 
2 

2849.76 
3 

2195.59 
3 

747.77 
0 

0.00 
60-69 d 

n 
2 

2085.43 
7 

1675.91 
10 

1501.73 
1 

440.21 
70-79 d 

n 
3 

833.61 
6 

973.32 
6 

1027.12 
6 

674.44 
 
The observed and expected number of deaths for this 
hiring period-arsenic exposure stratum are 
 

 98



( )

1

1

2 6 51
0.14817 4.229453075.27 674.44

1000 1000
21.47

s

O

E

= + + =

⎛ ⎞ ⎛= + +⎜ ⎟ ⎜
⎝ ⎠ ⎝

=

…

… ⎞
⎟
⎠
 

 
Repeating this calculation for all eight strata yields the 
following results: 
 
Table 3.  Observed and expected number of deaths in the 
Smelter Study 
k period arsenic kO  ( )s

kE  
1 1 1 51 21.47 
2 1 2 17 2.95 
3 1 3 13 2.76 
4 1 4 34 4.44 
5 2 1 100 74.12 
6 2 2 38 13.84 
7 2 3 15 6.83 
8 2 4 8 3.66 

 

4.5.2 Model Specification 
As before the observed number of deaths is assumed to 
follow a Poisson distribution 
 

( )~jk jd Poisson n k jkλ  
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where jkn  and jkλ  are the number of person years and the 
true death rate, respectively, in the j-k stratum.  It can be 
shown that the sum of Poisson random variables 

 also has a Poison distribution, kO = jkj∑ d

 

( )
( )( )

~

~

k jj

s
k k

O Poisson n

Poisson E SMR

k jkλ∑
. 

 
In particular the outcome variable in the Poisson regression 
models for the SMR will be .  The mean of the Poisson 
distribution will be linked to the linear predictor as follows 

kO

 
( ) ( )

0 1 1ln lns s
k k k k pE SMR E x xβ β β⎡ ⎤ ⎡ ⎤= + + + +⎣ ⎦ ⎣ ⎦ … pk

⎤
⎦

. 

 

Note that  is included as an offset term in this 

model.  The reason for choosing this offset is that it results 
in a mean function that can be rewritten as 

( )ln s
kE⎡⎣

 
( ) ( )

( )

( )

[ ]

0 1 1

0 1 1

0 1 1

ln ln

ln
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s s
k k k k p

s
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E SMR E x x

E SMR
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p pk

x x
E

SMR x x

β β β

β β β

β β β

⎡ ⎤ ⎡ ⎤− = + + +⎣ ⎦ ⎣ ⎦
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⎢ ⎥⎣ ⎦
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…
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or, more specifically, 
 

{ }0 1 1expk kSMR x xβ β β= + + +… p pk

4

. 

 
Therefore, this formulation of the Poisson regression model 
allows for estimation and comparison of the SMRs across 
the k strata. 

Smelter Example 
Suppose that we are interested in comparing hiring periods 
and exposure categories after adjusting the rates in the 
cohort by the age-year rates for white U.S. males.  This 
can be accomplished with the Poisson model 
 

( )( )
0 1 2 3

4

~

2 3
exp

2

s
k k k

k

O Poisson E SMR

arsenic arsenic arsenic
SMR

period
β β β β

β
+ + +⎧ ⎫

= ⎨ ⎬
+⎩ ⎭

. 

 

where the expected deaths ( )s
kE  are calculated using the 

age-year rates from the standard population.  Table 3 
summarizes the data that are needed for this analysis.  
Note that there are no effects for age or calendar year in 
the model because they have already been adjusted for in 
the calculation of expected deaths. 
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SAS Poisson Regression (SMR Analysis) 
data smeltersmr; 
 input period arsenic O E; 
 period2 = (period = 2); 
 arsenic2 = (arsenic = 2); 
 arsenic3 = (arsenic = 3); 
 arsenic4 = (arsenic = 4); 
 lnE = log(E); 
 cards; 
 1 1  51 21.47 
 1 2  17  2.95 
 1 3  13  2.76 
 1 4  34  4.44 
 2 1 100 74.12 
 2 2  38 13.84 
 2 3  15  6.83 
 2 4   8  3.66 
; 
 
proc genmod data=smeltersmr; 
 model O = arsenic2 arsenic3 arsenic4 period2 
           / dist=poisson offset=lnE; 
run; 
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The GENMOD Procedure 
 
          Model Information 
 
Data Set              WORK.SMELTERSMR 
Distribution                  Poisson 
Link Function                     Log 
Dependent Variable                  O 
Offset Variable                   lnE 
Observations Used                   8 
 
 
           Criteria For Assessing Goodness Of Fit 
 
Criterion                 DF           Value        Value/DF 
 
Deviance                   3          2.8747          0.9582 
Scaled Deviance            3          2.8747          0.9582 
Pearson Chi-Square         3          2.6964          0.8988 
Scaled Pearson X2          3          2.6964          0.8988 
Log Likelihood                      780.4926 
 
 
Algorithm converged. 
 
 
                         Analysis Of Parameter Estimates 
 
                            Standard   Wald 95% Confidence      Chi- 
Parameter   DF   Estimate      Error          Limits          Square   Pr > ChiSq 
 
Intercept    1     0.9570     0.1139     0.7337     1.1803     70.55       <.0001 
arsenic2     1     0.7711     0.1577     0.4619     1.0802     23.90       <.0001 
arsenic3     1     0.5628     0.2060     0.1590     0.9665      7.46       0.0063 
arsenic4     1     0.9491     0.1797     0.5969     1.3014     27.89       <.0001 
period2      1    -0.7078     0.1266    -0.9560    -0.4596     31.24       <.0001 
Scale        0     1.0000     0.0000     1.0000     1.0000 
 
NOTE: The scale parameter was held fixed. 
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4.5.3 Estimation 
The parameter estimates from the Poisson regression 
analysis of the Smelter Study are given in the table below. 
 
Variable Parameter Estimate SE 
Intercept 0β  0.957 0.1139 
arsenic2 1β  0.7711 0.1577 
arsenic3 2β  0.5628 0.206 
arsenic4 3β  0.9491 0.1797 
period2 4β  -0.7078 0.1266 

 
The methods for relative risk estimation and inference are 
completely analogous to those presented in Section 4.2. 

• The relative risk of death for the highest, relative to 
the lowest, arsenic exposures is: 

m
n ( )
n ( )

( ){ }
{ }

3

4 1 ˆexp 1 0
4 0

exp 0.9491 2.58

SMR arsenic
RR

SMR arsenic
β

=
= =

=

= =

−
. 

Thus, the rate of death in the highest exposure 
category is 2.58 times the rate in the lowest exposure 
category, after controlling for the effects of hiring 
period and adjusting for the age and calendar year 
death rates in the U.S. population. 

• The 95% Wald confidence interval is 
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( ){ }
( ){ }

( )

3 3exp 1.96se

exp 0.9491 1.96 0.1797

1.82,3.67

β β±

± . 

• The Wald test statistics is 
2

2 2
1

0.9491 27.90 ~
0.1797

X χ⎛ ⎞= =⎜ ⎟
⎝ ⎠

 

which gives a p-value of 2
1Pr 27.90 0.0001p χ⎡ ⎤= ≥ <⎣ ⎦ .  

Thus, the risk for high, relative to low, arsenic 
exposure is significant, after controlling hiring period, 
age, and calendar year. 

• The relative risk estimates for the top three exposure 
categories, relative to the first, are summarized in the 
following plot. 

Years of Arsenic Exposure
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4.5.4 Notes 
The general steps for performing a Poisson regression 
analysis of the SMRs are 

1. Construct appropriate categories for the variables to 
be included in the analysis. 

2. Calculate the number of deaths and person-years 
within each of the strata defined by the categorical 
variables. 

3. Apply rates from a standard population to compute the 
expected number of deaths ( )s

kE , and record the 
associated observed number of deaths kO . 

4. Fit a Poisson model to the observed number of deaths 

kO .  Include ( )ln s
kE⎡ ⎤

⎣ ⎦  as an offset term and the other 

covariates that were not controlled for in the 
standardization as predictors in the model. 
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5.1 Introduction 
Suppose that the SMR is to be used to compare the observed 
number of deaths in the cohort to the number that would be 
expected if the standard population rates held.  Recall that the 
form of the SMR is 
 

( ) ( )s s
D DSMR

E nλ
= = . 

 
Goal:  Perform sample size and power calculations in order to 
determine the number of subjects needed for a cohort study.  
Note that 

• The calculations involve the number of person-years, 
which is a function of both the number of subjects and the 
follow-up periods. 

• Exact and approximate methods will be discussed in this 
section when the hypotheses of interest are 

0 : 1
: 1A

H SMR
H SMR

=

>
. 

•  In practice the SMR is sometimes referred to as a relative 
risk.  

 

5.2 Exact Method 
5.2.1 Exact Poisson Test 

The exact p-value for testing the significance of the SMR is 
 

[ ]Prp Y D= ≥  
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where . ( )( )s

( ) 9s = 16D

~Y Poisson E

Example 

Suppose that E  and = , for which 
( ) 16 9 1.78sSMR D E= = = .  Under the null hypothesis, the 

observed number of deaths is distributed as ( )~ 9PoissonY .  
Thus, the one-sided p-value is 
 

[ ] . ≥ =16 0.0220P Y

( )sE

 

5.2.2 Power Calculation 
Power estimates for various expected number of deaths and 
SMRs are given in Table 1 and Table 2. 
 
Table 1.  Probability of obtaining a result significant at the 5% 
level (one-sided) for varying values of the expected value E 
assuming no excess risk, and of the true SMR 

 True SMR 
1.0 1.5 2.0 3.0 4.0 5.0 7.5 10.0 15.0 20.0 

1.0 1.90 7 14 35 57 74 94 99 100 100 
2.0 1.66 8 21 55 81 93 100    
3.0 3.35 17 39 79 95 99     
4.0 2.14 15 41 84 98 100     
5.0 3.18 22 54 93 100      
6.0 4.26 29 65 97 100      
7.0 2.70 26 64 98 100      
8.0 3.42 32 73 99 100      
9.0 4.15 38 79 100       
10.0 4.87 43 84 100       
11.0 3.22 39 83 100       
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12.0 3.74 44 87 100       
13.0 4.27 48 90 100       
14.0 4.79 53 93 100       
15.0 3.27 49 92 100       
20.0 3.43 60 97 100       

 
Table 2.  {continued} 

( )sE  True SMR 
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

20.0 3.43 9 18 30 45 60 73 83 90 94 
25.0 4.98 13 26 42 59 74 85 92 96 98 
30.0 4.63 13 27 46 64 79 89 95 98 99 
35.0 4.25 13 29 49 69 83 92 97 99 100 
40.0 3.87 13 30 52 72 86 94 98 99 100 
45.0 4.73 16 36 60 79 91 97 99 100  
50.0 4.24 16 37 61 81 93 98 99 100  
60.0 4.42 18 42 69 88 96 99 100   
70.0 4.48 19 47 75 92 98 100    
80.0 4.46 21 5 80 94 99 100    
90.0 4.39 22 55 83 96 99 100    
100.0 4.28 23 58 86 97 100     

 

Example 
Suppose that we are interested in the power to detect a true 
SMR of 2.0, for a one-sided test performed at the 5% level of 
significance.  If the expected number of deaths is 9, then the 
estimated power is 79%. 
 

5.2.3 Sample Size 
Suppose that we want to have 80% power to detect an SMR of 
1.50 using a one-sided test at the 5% level of significance.  
According to Table 2, ( ) 30.0sE =  expected deaths are needed.  
Thus, the required number of person-years is 
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( ) ( )30 30s sE n nλ λ= = ⇒ = . 

 
which is a function of the death rate in the standard population.  
If, say, ( ) 0.0001sλ = , then 30 0.0001 300,000n = =  person-
years of follow-up are needed.  This could be obtained in 
various ways; e.g. 

• 10 years follow-up on 30,000 subjects 
• 20 years follow-up on 15,000 subjects 
• 30 years follow-up on 10,000 subjects 

 

5.3 Approximate Method 
In Section 2 several approximate tests were discussed for 
testing the SMR.  We will use the one based on the square-root 
(variance stabilizing) transformation. 

5.3.1 Approximate Test 
The test statistic is 
 

( )( ) ( )2 ~sD E N− 0,1 . 

 
for which the one sided p-value is 
 

( )( )Pr 2 sp Z D E⎡ ⎤= ≥ −⎢ ⎥⎣ ⎦
. 

 

 110



Alternatively, we could use a critical-value approach to 
conclude that the  if 1SMR >
 

( )( ) 12 sD E Z α−− ≥  

 
or, equivalently, 
 

( )
1 2sD E Z α−≥ + . 

 
Note that the probability of rejecting the null hypothesis if there 
is no difference between the observed and expected number of 
deaths is 
 

( )
α α−

⎡ ⎤≥ + = =⎢ ⎥⎣ ⎦1Pr 2 1sD E Z SMR . 

 

5.3.2 Power Calculation 
Power (1 )β−  is defined as the probability of rejecting the null 
hypothesis for a given value ( )R  of the SMR; i.e. 

 
( )

1Pr 2 1sD E Z SMR Rα β−
⎡ ⎤≥ + = = −⎢ ⎥⎣ ⎦

. 

 

If the  then SMR R= [ ] ( )sE D RE= .  Therefore, the power is 
computed with standard normal probabilities according to the 
following formula 
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( ) ( ) ( )

( )( ) ( ) ( )( )
( ) ( )( )

1

1

1

1 Pr 2

Pr 2 2

Pr 2

s s s

s s s

s s

D RE E RE Z

D RE E RE Z

Z E RE Z

α

α

α

β −

−

−

⎡ ⎤− = − ≥ − +⎢ ⎥⎣ ⎦
⎡ ⎤= − ≥ − +⎢ ⎥⎣ ⎦
⎡ ⎤= ≥ − +⎢ ⎥⎣ ⎦

 

 
Note that 
 

( ) ( )( ) 12 s sE RE Z Zα β−− + = . 

 

Example 
Suppose that we are interested in the power to detect a true 
SMR of 2.0, for a one-sided test performed at the 5% level of 
significance.  If the expected number of deaths is 9, then the 
estimated power is 
 

( ) ( )( )
( )( )

[ ]

1Pr 2

Pr 2 9 2.0 9 1.645

Pr 0.8403 80%

s sZ E RE Z

Z

Z

α−
⎡ ⎤≥ − +⎢ ⎥⎣ ⎦
⎡ ⎤= ≥ − +⎣ ⎦

= ≥ − =

. 

 

5.3.3 Sample Size 
For a given significance level ( )α  and power ( )1 β− , we can 
calculate the required number of expected deaths as 
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( ) ( )( )

( ) ( )
( ) ( )

( )

1

1 1

2
1 1

2

2

1
2

4 1

s s

s

s

E RE Z

Z Z
E R

Z Z
E

R

Zα β

α β

α β

−

− −

− −

− + =

+
− =

+
=

−

. 

 

Example 
Suppose that we want to have 80% power to detect an SMR of 
1.50 using a one-sided test at the 5% level of significance.  The 
required number of expected deaths is 
 

( ) ( )
( )

( )
( )

α β− −+
=

−

+
= =

−

2
1 1

2

2

2

4 1

1.645 0.8403
30.57

4 1.50 1

s Z Z
E

R
. 

 
The number of subjects and associated lengths of follow-up 
can be computed as before. 
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